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PART I 

SUBTRACTION AND ADDITION OF VECTORS 



CHAPTER I 
first principles of vectors 

Section 1 • 

The Nature of a Vector 

1°. Definition. — A Vector is any quarUity which lias 
Magnitude and Direction (Clifford). 

It follows that a straight line, AB, considered as having 
not only length but direction^ is a vector. Its initial point, 
A, is called its Origin ; and its final point, B, is called its 
Term. 

With the exception of three special vectors (i, J, A:, Pt. II., 
6*'), vectors will be denoted in these pages either by_a symbol 

combining their initial and final letters, such as AB, or by a 
small letter of the Greek alphabet, in order to distinguish 
them from the ordinary straight lines of geometry, such as 
AB or a. 



2°. A vector, AB, may be conceived as having for its 
function to transport (vehere, to carry) a particle from A to 
B. A vector thus implies an operation, and represents tram- 
lation in a certain direction /or a certain diata/nce, 

B 
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2 THE NATURE OF A VECTOR 

3°. When its origin and term, A and B, are distinct 

points, AB is said to be an Actual Vector ; but when, as a 
limit, these points coincide, it is said to be a Null Vector. 

Actual is used as opposed to null ; real as opposed to 
imagina/ry, 

4**. In order to determine the position of any point in 
space, B, in relation to any other point. A, three numbers 
must be known. Let A be the centre of the earth (supposed 
to be a perfect sphere), and B any point upon its isurface. 
Then, in order to be able to draw a straight line from A to B 
we must know, first, the Latitude of B ; secondly, its Longi- 
tude ; and thirdly, the Radius of the Earth. 

Every vector, then, implicitly involves three numbers ; 
one indicating its length, and two its direction. 

5°. A vector is not to be confounded with the radius 
vector of Algebraic Geometry. The latter represents length 
only, and implies but one number. It is, in fact, one of the 
three numbers contained in a vector. 



6°. Opposite Vectors, such as AB and BA, are sometimes 
called Vector and Hevector. 

Coinitial Vectors are vectors whose origins coincide. 

If there be any series of vectors such that the origin of the 
second coincides with the term of the first, the origin of the 
third with the term of the second, &c., &c., these vectors are 
called Successive Vectors. 

Coplanar Vectors are those that lie in the same plane. 
Diplanar Vectors are those that lie in diflferent planes. 

We will have hereafter to consider vector arcs ; but at 
present the only vectors considered are rectilinear. 

Section 2 
Equality and Inequality of Vectors 

7°. Definition. — Tux) given vectors are equal to each other 
when (and only when) the origin and term of the one can he 
brought to coincide simultaneously with the corresponding 
points of the other, by motion of translation, tuithout rotation. 

As a consequence of this definition, no two vectors are 
equal unless they have, first, equ^l lengths, and, secondly, 
similar directions — the phrase * similar directions ' meaning 
* parcUlel directions with the same sense J Similarly, 'contrary 




EQUALITY AND INEQUALITY OF VECTORS 8 

(or opposite) directions ' means * parallel directions with con 
trary (or opposite) sense.' 

The meaning of the word ' parallel * is extended, so as to 
include lines which form parts of q 
one common straight line. ^s^ ^ 

8°. I f two equal vectors, AB 
and CD, do not form part of one 
common straight line, they may be 
regarded as the opposite sides of 
a parallelogram, ACDB, fig. 1. Pm. i. 

9®. Since the operation implied by a vector — ^transference 
in a certain direction for a certain distance — ^is the same, 
whatever point in space be selected as the origin of motion ; 
all equal vect ors are denoted by the same vector- symbol. 

Thus, if SB = CD, and if AB be denoted by fi, CD is also 
denoted by fi. It follows that a (H^miltonian) vector has no 
particular position in space. 

Section 3 
Subtrtiction and Addition of Two Vectors 



10°. Definition, — When a first vector, AB, is suhtrcLcted 
from a secon d vecto r, AC, which is coiniticd with it, or from a 
third vector, A'C, which is egtic U to that second vector, the 
remainder is tha^ fourth vector, BC, which is drawn from 
the term B of the first to the term C of the second vector 
{Hamilton). 

In symbols, fig. 1, 

A!0' -AB = AC-AB = BC. 

The foregoing definition is perfectly general, and includes 
the case in which the vectors are parallel, t.e. in which 
/. CA B = TT, or zero. 

If AC be a null vector, the equation AC — AB = BC 

becomes 

- AB = BA. 



Similarly, — B A = AB. 

Th eref ore, the minus sign rev&rses the direction of a vector • 
and if AB is represented by a, BA will be represented by — a. 

B 2 



SUBTRACTION AND ADDITION OF TWO VECTORS 

ir. Since, by 10°, 

AC - AB = BC, 



and also — AB = BA ; 



therefore, AC + BA = BC ; 



where AC is said to be added to BA. 

Or, if BA and AC be successive vectors, 6®, their sum is 

a vector, BC, drawn from the origin of the first, B, to the term 
of the second, C. 

Hence, BA + AB=:BB = o (1) 

12®. We have now to consider the sum of two non- 
successive vectors. 



Definition. — If there he tw o successive vectors, AC and 
CD, and if a third vector, CD', he eqtud to the second, hut not 
successive to the first ; the sum obtai ned hy adding the third to 
the first is that fourth vector, AC, which is drawn from the 
o'^igin of the first to the term of the second (ffamilton). 

In symbols, fig. 1, 

C^'+ AC = CD + AC = ad; 

This definition holds good when the vectors are parallel, 
i.e , when Z, ACD = tt or zero. 

If CD be a null vector, 



+ AC = AC ; or, + AB = AB. 

13°. By 10° and 12° we have : 

AB = — BA= - (BA)= - (- AB) ; or, a = -(-a) ; 
BA = + ( BA) = + (- AB) ; or, - a = + (-. a) ; 
AB = - (AB) = - (+ AB) ; or, - a = - (+ a). 

Also, since 

AC - AB = BC, 



and AC = BC + AB ; 

it follows that a vector may be tranferred from one side of an 
equation to the other by changing its sign. 

14°. Since BC + AB = AC, 12°, 

it follows that directions can be assigned to the sides of any 



SUBTRACTION AND ADDITION OF TWO VECTORS 5 

triangle, considered as vectors, such that the sum of two of 
the vector-sides will be equal to the third. 



15**. If AC, ^g. 1, be a vector equal to BD, but not suc- 
cessive to AB, we have, by definition, 

AC + AB == BD + AB = AD. 

But since AC = BD, ACDB is a paraUelogram. It fol- 
lows that the sum of any two coinitial sides, AC and AB, of 
any parallelogram, ACDB, is the intermediate and coinitial 

diagonal, AD. 

We have also, by definition, AC — AB = BC ; or, the 
dilSerence between any two coinitial sides, AC and AB, o f 
any parallelogram, ACDB, i s the n on-co in itial diagonal, BC. 

We have, by definition, CD + AC = AD = BD + AB ; 
or, if AC = p and AB = a, 

a + fi = P + a. 



We have, similarly, AC - AB = BC = DC + BD ; or. 

It follows that the sum, or difference, of any two vectors 
has a value which is independent of their order. 

Section 4 
Addition cmd Stibtraction of Vectors in general 

16**. To obtain the sum of three vectors, we have merely 
to add the third to the sum of the first and second, obtained 
as in 12°. 

In general, the sum of any number of vectors is formed 
by adding the las t to th e sum of a ll that precede it. Thus, 
fig. 2, AD = CD + AC = CD + BC + AR 

17**. From fig. 2, 



BD + AB = AB + BD (15°) = AD = CD + AC = AC + CD; 
or, 

(y + i5) + a = a + 03 + y) = y + (/3 + a) = ()8 + a) + y 




6 ADDITION AND SUBTRACTION OF VECTORS IN GENERAL 

Similarly, 

— a + (-y — )S)=— y + (— a — )8), &c., &c. 

As these processes may be carried 
on to any extent with similar results, 
we may infer that the addition and 
subtraction of vectors are commu- 
tative and associative operations; 
that is, the sum, or difference, of 
any number of vectors has a valu^ 
which is independent of their ordeir 
and of the mode of grov^ng them. 

Section 5 
Coeffidenta of Vectors 

18°. The coefl&cients of vectors obey the ordinary laws of 
algebra. 

Let AB . . . YZ be a seri es o f m successive and equal 
vectors. Then, if AB = a and AZ = )8, 

AZ = )8^a + a + a... m times = ma = mAB . . (1) 
Similarly, 

ZA= - )8= —(ma)= — ma= - mAB . . (2) 



If AH = y be another parallel vector, such that 

y = ria = wAB ; 

then, -y = a=:^/3; P = -y; 7= -^- 

n m, n m, 

If X and y be any two numbers, 

xad~ ya:= (x± y)a; x (ya) = (xy) a = xytu 
It will presently be shown that 

X{B±€)=XS± X€, 

where 8 and e are any two vectors. 

19°. The equations, ZA = — AZ = - mAB and AH 
= Tt AB, connecting the three parallel vectors, ZA, AB, and 
AH, in the last article, may be written in the foi^n : 

ZA AH 

11= -^^'7^ = ^^ 
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and since ZA, AB, and AH may be any parallel vectors, we 
conclude that the quotient of two parallel vectors is a number, 
which is positive when they have the sa/mey and negative when 
they have contrary sense, 7**. 

Conversely, it is easy to show that if the quotient of two 
vectors be a number, the vectors are parallel ; with the same 
sense if the number be positive, and with contrary sense if it 
be negative. 

20°. The positive or negative number, m, obtained by the 
division of one parallel vector by anot her, is evidently the 

ratio of their lengths. For the equation AZ = mAB, merely 
asserts that if a moving point be transferred from A, in the 
direction of AB, for a distance equal to m times AB, it will 
reach Z ; which sim ply means that the length of AZ is m 
times the length of AB. Similarly, ZA is — m times the 
length of AB, or wtimes the length of — AB ; that is, m 

times the length of AB measured in t he contrary directioix^ 

If in the equations AZ = mAB, AH ^ wAB, we sup pose AB 
to be the unit of le ngth, then m will be the length of AZ, and 
n the length of AH. The equations, 

AZ m ZA —m 



y 



AH n' AK n 



therefore, express the proposition that parallel vectors have 
the same ratio as their lengths, or as the lines that represent 
them. 



21°. Let OB and AO be any vectors, fig. 3. Take the 
, line A'O = mAO. Then, since 
parallel vectors are proportional to 
their lengths, if the vector AO be 
a, the vector A'O will be ma. 
Join AB, and produce OB to meet 
A'B', drawn parallel to AB. We 
know from Euclid that OB^mOB ; 

hence, if OB = S, O^' = m^. 

SimUarly, A' B' = mAB._ But^ 

AB' = AO + OB', and AB = AO + OB. Therefore, 

ma H- m)8 = m (a + /S). 

It can be similarly proved that ma — m^ = m (a — ^), 
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and that — a ± _ )3 = — (adz 8), Hence, in <?eneral, if x 
m m m 

be any number, and if a and ^ be any vectors, 

aj (a db )S) = oua ± xfi. 

Section 6 
Sccda/rSj Unit- Vectors, and Tensors 

22°. The positive or negative number, m, obtained by 
dividing one parallel vector by another, is called a Scalar 
(scala, a scale). Scalars are the real quantities of algebra, 
and as such are combined with each other according to the 
ordinary laws of algebra. 

23°. In equation (1) of 18°, 

AZ = mAB, 



where m is a positive scalar, let the length of AB be unity, 

m being consequ ently the length of AZ, 20°. In this case, 

still representing AZ by fi, AB will be denoted by the symbol, 
U^ ; read Unit- Vector of ^ — i.e., the vector of unit length 
with the same direction as /? ; while m will be denoted by the 
symbol, Tfi ; read. Tensor of /S (tendere, to stretch). Hence 
we have, 






(1) 



24°. Since T^ is the ratio of two vectors with similar 
directions, fi and JJfi, or — ^ and — TJ/S, it is always posi- 
tive. Consequently, when multiplied into a vector, it alters 
the length of the vector, but cannot reverse its direction. A 
scalar, on the other hand, which may be either positive or 
negative, not only alters the length of any vector into which 
it is multiplied, but, when negative, reverses its direction. 

Tp=^- = f^, = T(-p);. . . . (1) 

hence, the value of the tensor of a vector remains unchanged 
when the direction of the vector is reversed. 

If X be any scalar, the unit-vector of xp is obviously 
d: Up, according as x is positive or negative. Hence, 

according as a; J o. 
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In general, TS ^ ± S, according as S < o ; or, the tensor of 

scalar is that scalar taken positively. The tensor of a tensor 
is the tensor itself ; or, TT ^ T. 

If X and y be any scalars, 

8{xp+y) = y; 

because xp is a vector, and a vector has no scalar part, just as 
a scalar has no vector part. The scalar of a scalar is the 
scalar itself ; consequently, the scalar of a tensor (which is a 
positive scalar) is the tensor itself. In symbols, 

SV = o ; VS = o ; SS = S ; ST = T . . . (3) 

For shortness' sak e, w e will frequently write d f or t he 
tensor of a vector 8, or Q D ; m for the tensor of ft =: OM, a 
for the tensor of a = OA, &c., <fec. 
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CHAPTER II 
on points and vbctoes in a given plank 

Section 1 
Linear Equations connecting Two Vectors 

25°. Since any number of vectors, which are not coinitial, 
may be made so by translating them until their origins 
coincide in some common point, O ; we will for the future 
suppose, unless the contrary be stated, that all the vectors 
under consideration, a, jS, &c., are thus drawn from one 
common origin, O. 

This point, O, is calle d the Origin of the System ; and each 

particular vector, say OA, is called the vector of its own 
term, A. 

Let OA =r a, OB = ^, be any two given parallel vectors. 
Then, by 19°, they are connected together by an equation of 
the form 

/3 = ma (1) 

which expresses the coUinearity of the three points, O, A, 
and B. 

If ^ be a variable vector, p, and m a variable scalar, oj, 
this equation may be written, 

p = xa (2) 

which expresses that the locus of the variable point, B, is the 
indefinite straight line passing through the points O and A. 
The equation, fi = ma, assumes a more symmetric form if 

we suppose m = ^^. Then, 

pa + qp^o (3) 

26®. If a and P are oblique vectors, and if we have 
pa '\- qp ^ o ) then, p = o and q =s o. For otherwise we 

should have, fi = ^^-^ a = <a = y, say, where y is some vector 
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with the same direction as a ; or, two vectors with different 
directions would be equal, which is contrary to definition. 
This principle may also be stated as follows : — If a and /J are 
oblique vectors, and if we have an equation of the form, 



then 



xa + yP = ta + v/3 ; 

X := t and y = v. 



Section 2 
Linear Equationa connecting Three Vectors 

27°- We have shown that if two oblique vectors, a and )3, 
be connected by an equation 
of the form. Id + mP := o, 
then ^ = o, and m = o. Let 
us now suppose two such 
vectors to be connected by the 
equation, la + fn^ + wy = o, 
where n is some third actual 
scalar, and y is some third 
vector, situated in we know 
not what plane. 




Let OB = py OA = a, ^g. 4, be the two given vectors. 
Then, since 

la + TnP + ny = o, 

I m Q 

y= a p. 

n n 

Take O A' = — 7 a, and OB' = ~-^;;^ p ; let 00 represent 



n 



n 



y, and draw B'C and A'C. 
We have now, 
but, IP, 
therefore, 



00 = OA' + OB' ; 
00 = OA' + a7C ; 



OB' = A'C. 

Therefore, the figure OB'CA' is a parallelogram, and is 
consequently plane. 

Therefore, if three coinitial vectors are connected by an 
equation of the form 

la + mp + Tjy = o, 
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where l^ m, n are actual scalars ; then a, /S, y are coplanar ; 
and the converse. 

28**. If la + mp + ny=: o, 

what must be the relation between the scalars Z, m, w, in order 
that the^points A, C , B, ^g. 4, may be collinear ? 

Let OA = a, QB = )&, OC = y. If A, B, C are collinear, 

then, by 19®, -^ = some scalar =^, say. Now, AC = y — a, 

— — y — a 

and AB = ^ — a; hence, p = U __ j or, 

(1 — ;>) a + jo^ — y = o. 
But, by condition, 

Za + wijS + ny = o. 

Hence, eliminating y from these two equations, 
(Z + w — np) a + (m + np) )3 = o. 

But a and )3 are oblique vectors ; therefore, 26°j 

Z + w — wp:=o; m + np = o. 

Eliminating p from these two equations, we get 

Z + m + w = o (1) 

the required relation. 

Conversely, if three vectors be connected by an equation 
of the form la + mfi + ny = o, with the condition, 

Z + m + w = o ; 

then the three vectors terminate in a straight line. 

If we eliminate successively the scalars Z, m, w, from the two 
equations 

la + mJS + wy = o, 

Z + m + n = o ; 



we get 



Therefore, 



m ( — a + )8) 4- w (y — a) ^ o, 

n {-P + y)+ Z(a-^) = o, 

Z (- y + a) + m ()S — y) = o. 

Z _ BC . m ^ CA . w ^ AB , 
m CA' n AB' I BC ' 



or, Z : m : w = BC : CA : AB (2) 
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The same two equations give us 

mP + ny ^ r% ny_+la ^ la + mff /ox 

w + w 71 + 6 t + m 

The third equation of (3) may be pu t in wor ds a s fol- 
lows : If we are given any two vectors, OA ^ a, OB = p, 
and if there be a third coinitial vector, 00 = y, such that 

(I + m) y = la + m3 ; 

then, C, the term of y, lies upon the straight line AB, which 
it cuts in the ratio I : m. 

20°- If) while a and p remain constant, we suppose y to be 
a variable vector and ^ : m to be a variable ratio ; this last 
equation may be written, 

xa±yg, 

^ X + y ' 

which expresses that the locus of the variable point 0, the 
term of p, is the indefinite straight line AB ; which line it 
cuts, so that 

CB X 

If C be another variable point on the line AB, and if its 
vector be 

^ X' +y' ' 

we have, in like manner, 

ACy^y' 
C'B ^ 

We now define (ABCD) by the following equation : 

r 

where A, B, C, D are any four collinear points. 
In the present case, therefore, we have 

(ACBC) = AC BC' ^ y_^ 
^ ^ CB C'A xy' 

When (ACBC) = — 1, the range becomes harmonic, and 

^ = — 1 ; or, ?^ = — ^- Substituting this value of the 
xy X X 
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ratio y' : a' in the equation for p', given above, we have 

xa '\- y$ , xa — vB 
a; +y x — y 

where the points C aod C are the harmonic conjugates to the 
points A and B. When C and G' vary together owing to the 
variation oi y \ x^ they form divisions in involution upon the 
indefinite straight line AB, the double points of the involution 
being A and B. 

30°. (a). Suppose we have, la + mp + ny == o, with the 
condition 

^ + m + n 5^ o ; 

then the three vectors are still coplanar, 27®, but they no 

longer terminate in a straight 
line. Their terms are now the 
comers of a triangle, ABC, fig. 5. 
To find the values of the 
vectors of the points 
A' = OA . BC, 
B' = OB . CA, 
C = OC . AB, 
C and the ratios of the segments 
BA' : AC, &c. 




Let OA' = a', OB' = p', 00' = y'. 

Since a and a', p and p^ y and y', are respectively parallel 
vectors, they are connected together by equations of the 
form, 

a = x-W,P = y-'p',y=^z-'y . . . . (1) 

Substituting these values of a, )8, y, successively, in the 
given equation, we get 

lx~W + mP + ny = o' 

la + my~^P' + wy = o (2) 

la + mP 4- nz~^y = o . 

But a', ^, y ; a, )3', y ; a, ^, y', are coinitial vectors 
terminating, respectively, in the straight lines BC, CA, AB. 
Therefore, 28°, 

lx~^ + m + 71 = o I 

I + my* + w = ol. 

Z + m + w«~* =s o I 



LINEAR EQUATIONS CONNECTING THREE VECTORS 15 

Hence, x = "" ' ; y = -^ — = ; z = -"" ^ . . (3) 

Substituting these values of a;, y, 2?, in equation (1), we 
get 

a' = -ni^;^'=Zl^;y=ri^ . . (4) 

Substituting the same values of x, y, z, in the equations 
of (2), 

^, _ mP + ny . Q, __ ny Jf la . , _ Ia + mff .^. 

Equations (4) and (5) give the sought values of the vectors 
of the points A', B', Q'. 

Comparing the equations of (5) with the equations of (3), 
28°, it is evident that 

BC'_J_ CA/_m AB'__w .. 

CA^m' AJB" n'WQ" I • • • • W 

(6). Tf we multiply together the three ratios, equations (6), 
we get the equation of the Six Segments, 

AB' BC' CA' ^ . .^v 

B'C C'AA'B ' ^ ' 

as the condition of concurrence of the lines A A', BB', CC. 
We have, also (6), 

I : m = BC : C'A = OBC : OCA, ) 

m:n = CA' : A'B = OCA : OAB, - ... (8) 

n :l = AB' : B'C = OAB : OBC. 

Therefore, I : m : w == OBC : OCA : OAB; 

where OBC, <fec., are the areas of the respective triangles. 

(c). In such equations as those of (8), attention must be 
paid to the signs of figures, plane and solid. 

Any plane figure is positive or negative according as the 
rotation of a particle round its periphery, as seen from a given 
aspect of the plane, is right-handed or left-handed. Thus, for 
any triangle ABC, we have 

ABC = BCA = CAB = - BAC = - ACB = - CBA ; 

and as for a line we have 

AB + BA = o; 
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so, for an area, we have 

ABC + CBA = o. 

The case of solids is strictly analogous ; 
the sign of the tetrahedron, fig. 6, being 
positive or negative according as the 
rotation of a particle round One of its 
faces is right-handed or left-handed, as 
seen from the opposite apex. Thus, 
A1A2A3A4 = — AJA2A4A3 

^^^- «• = - A2A3A4A1, &C., &C. 

In this case we have 

A.J A.2A.ax\.4 ^ J9L2A.3A.4A.J =^ O. 

31°. If Z = m = w, the equation la + m^ -{- ny^o becomes 

a + )S+ y = o; 

and the three vectors can obviously be made the sides of a 
triangle ABO, fig. 5, by 14°. In this case, 

BC = a, CA = )3, AB = y. 



Let AA', BB', be drawn, cutting BC and CA respectively 
in given ratios ; and through the ir cr oss D (instead of O, 

fig. 5) draw a line from C cutting AB in C. It is required 
to determine the ratios AD : DA' ; BD : DB' ; CD : DC ; 
and AC : C'B. 

Let the given ratios be 

BA' : A'C = 1 - m 



m 



CB' : B'A = w : 1 - w ; 
so that we have A'C = ma, and CB' = np, 

(1) To determine AD : DA' and BD : DB^ 



Since 
by 28° 

Similarly, 
Let 
Then, 
or, 



BA' : AC = 1 - m 



m. 



AA' = my — (1 — rn) fi 
„ = — ma — p, 

BF = a + np. 



AD = joAA' ; BD = qBW. 



CA + AD = CD = CB + BD ; 

P — pma — pP = — a + qa + qnfi ; 
(1 - ^ - gw) ^ = (— 1 + g + pm) a. 
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But, since a and /3 are not parallel, the coefficients of both 
must be zero, 26**. Therefore, 

1 — w 1 — m 
^= ; g=- . 

1 — mn I — mn 

1 — mn 1 — mn 

Therefore, 

AD _ p _ 1 — n . BD^ __ q _ 1 — m /-^v 

DA'~l-i? n(l— m)'DB' 1-g m(l— w)''^^ 

(2) To determine CD : DC and AC ! CB. 
Let CC' = ojCD ; AC' = yAB = yy = y (- a - )3). 
Then, since CC = CA + AC', 

aJCD ^P — ya-yp, 
But, since AD : DA' = (1 — w) : w (1 - m) 



7t (1 — m) )g - (1 - n) 



CD= 1 

1 — mn 



mu 



Therefore, 
xn(l —m) p ^ xm(l — w) a = (1 — mn) (P — yp -- ya), 
[xn (1 — m) — (1 — mn) + y (1 — mn)} P 
= {xm (1 — n) — 2/ (1 -. mn)} a. 

Equating the coefficients to zero, 

1 — m,n m (1 — w) 

X ^ — > y = ^ — > 

m — 2mn -jr n m — 2mw + n 



-. 1 = (1 ^ m) (1 - n) . 1 _ y = 



71 (1 — m) 



m — 2mn + w m — 2m»i + w 

Therefore, 

CD 1_ _. m (1 ~ n) + w (1 — m) . 

DC "x-l (1 - m) (1 - w) ' 

AC _ y _ m(l -n) 
CB I - y w (1 - m) 

Had the ratios been given in the form 

BA' : A'C = mi : m^ ; CB' : B'A = n, : n^ ; 



• . . (2) 
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we should have had 

AD Wg (m^ -f m^) . BD m, (n, + 



DA' miWi ' DB' m^n^ • • ( ) 

CD myU^ 4- m^^a . AC m^n^ / ^ v 

DC "" mi^a ' CB "" ^i^ • • • • U 



Knowing AB, AC, and the r atio BA' : A'C, we obtain AA' 
by (3) of 28° . BB' and CC are similarly obtained. Again, 
knowing AC, A C, a nd the ratio CD ^ DCjJ^© obtain AD, 
and consequently DA'. BD, DB' and CD, DC are similarly 
obtained. 
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CHAPTER III 

ILLUSTRATIONS IN COPLANAR VECTORS * 

32°. 1. The Mean Point of a triangle, M. 

In the following illustrations, the successive sides of the 
triangle ABC — BC, CA, AB — ^will be represented by the 
vectors a, )&, y respectively, so that 

a + i^ + r = o- 

The tensors of these vectors, or the lengths of the sides of 
the triangle, will be represented by a, 6, c. 

Let A' and B' be the middle points of BC and CA, and 
let AA' and BB' cross in M. Produce CM to meet AB in C^ 
Then, making m = w = ^ in (1) of 31°, we get 

^^-9. M-9. 

MA' ' MB' " ' 

and (2) of 31°, 

CM _ o . AC _ , 
MC " ' C'B ~ 

Therefore, the medians of a triangle meet in a point which 
trisects them. This point is called the Mean Point. 

^i = §AA' = f (2^)=3^ (1) 

2. The Incentre, I, and the (b) Excentre, E^. 

I is the cross of AA' and BB', the bisectors of the angles 
CAB and ABC respectively. Produce CI to meet AB in C. 
Then, proceeding by the method of 31°, we get 

AI _ 6+c . BI _c + g. CI _. a4-6 AC'_6 

lA' a 'IB'"" 6 ' IC c ^CB""a * * ^^ 

The last equation shows that the internal angle-bisectors 
are concurrent. 

c 2 



20 ILLUSTKATIONS IN COPLANAB VECTORS 

By (3) of 28^, 

These three equations are of the form 

p = a;(U8±U€) (3) 

he 



the negative sign showing that A A' is the bisector of the 
supplement of the angle between p and y. Were the direction 
of P reversed, we would have 

Equation (3), consequently, is the general expression for 
an angle-bisector, the tensors of the lines containing the angle 
being arbitrary. 

By (3) of 28^ and (1) of this article 

— hy-cp — cA-gy — aff - 5a ... 

From (2) and (4), 

IB^ = >-^. ""7^^ (5) 

c-\'aa'\-o-{-c 

Eb is the cross of the external angle-bisectors at C and A 
respectively. Let CE produced meet AB' in C ; AE meet 
BC in A" ; and let the external angle-bisector at B meet CA 
in B". Then, 

—,^hy^, —^^ca-^ay — ^a^^&g 
— c c — a a — 6 

Hence, C^S == -^ ; 0^ = -^ .... (7) 

a ^ a ^ o ^' 

Therefore, 29°, 

(BC'AC") = - 1 ; 

or, the sides of a triangle are cut harmonically by the 
internal and external bisectors of the opposite angles. 
We also have 

a'A'__£+a A"C'__c + a .^ 

Wb'T+'c'bv^^T^c' • • • W 

Therefore, the points A', B', C" and C, B', A" are respectively 
collinear. 
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Again, __,= __; (9) 

or, the crosses of the external angle-bisectors with the opposite 
sides are coUinear. 

Let BE be drawn, and we have 

ca — ay ca 



BE = ,-^p-^^ = ,-^^^j(TTa-Uy). .(10) 

Therefore, BE bisects the angle ABC ; BB' and BE coincide ; 
and a line drawn from any comer of a triangle to the excentre 
of the opposite side p asses through the incentre. 

By subtraction of BB' from BE, we have 

-— - b ca — ay 
B'E = -— 4. 

Therefore, (4) and (5), 

(BIB'E) = - 1 ; 

or, the internal angle-bisector is cut harmonically by the 
centres of the in- and excircles. 

3. The Orthocentre, P. 

By the methods explained in 3P, 

A^— Y tan B — j3 tan 

tan A + tan B + tan 0* 

4. The Circumcentre, Q. 
By 31% 

— -_^ (tan C 4- tan A) y — (tan A 4- tan B) 

"^^ "" 2 (tan A + tan B + tan C) 

5. The Midcentre, N. 

Let Ml, M2, M3 be the middle points of the sides BC, CA, 
AB of the triangle ABC. Then the circumcentre, N, of the 
triangle M1M3M2 is the midcentre of the triangle ABC. 

AN = AMi + MjN ; which becomes, by 1 and 4, 

_ y - (tan A + t an B) )g - (tan C + tan A) y 
"24 ("tan A + tan B + tan C) 

_ (tan A + 2tanB + tanC)7— (tanA + tanB + 2ta n C)^ 
" "" 4 2 tans 

— 1 J (tan C + tan A) y — (tan A + tan B) 
" ■" 2 ( 25 tans 

j^ytanB -)3tanC) 



2 tans 



„ = ^ (AQ + AP), 4 and 3. 
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Hence, AQ + AP - 2 AN = o ; 

but 1 + 1 - 2 = o. 

Therefore, 28°, the three" coinitial vectors AP, AN, AQ, 
terminate in a straight line which is bisected in N ; or, the 
orthocentre, t he m idcentre, and the circumcentre are collinear^ 
and N bisects PQ. 

The mean point, M, also lies upon the line PQ. For 

2 AO + AP = (^^^ + ^^^)y- (tanA + tanB)ff 
^ 2 tans 

ytanB — )8tanC , 

2 tans ' 



2AQ + AP = y — )S=3 AM, 1 ; 

hence, 2 AQ + AP - 3 AM = o ; 

but 2 + 1 — 3 = o ; 

therefore, the three coinitial vectors AQ, AP, AM, terminate 
in a straight line which is trisected in M. 

Therefore, the orthocentre, the midcentre, the mean point, 
and the circumcentre are collinear ; and the line upon which 
they lie is bisected in N, and trisected in M. 

Hence, (PNMQ) = - 1. 

6. Let I' be the point in which a line drawn from A 
through I, the incentre of ABC, cuts the line PQ. Then 

= 2 cos A. 

I'Q 

If A ^ 60^ PI' = I'Q ; and I' is the midcentre of the 
triangle. 

7. To find the vector-expressions for the isogonal and the 
isotomic of a given line. 

Let 8 be a vector drawn from the corner B of a triangle 

ABC, cutting CA in D so that ^ = ^ ; and let z. ABD=</». 

DO T 

"en, f-DC~asm(B-</,)' 

and sin(B-^ _ cr 

Sin <f> a/p 

Let 8', the isogonal of 8, cut CA in D'. Then, 
AD' _ c sin (B - <^) _ cV 
D'C"" asin0 aV 
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Therefore, 8 = -gg^^^; y ^ cVa - g'py . . /i) 

If 8" be the isotomic of 8, 

3„ ^ ra-^y 

Let ^ : r = c'* : a'*. Then, 



g __ c'^g — g"*-/ . cj, _ a**~'a — c**~'' 
Let ;? : r = c'^-* : «"-». Then, 



1 



a^-^a - c*-»- 



8V»= ?"" J ..... (3) 

Therefore, 8'„ = 8"^_, ; 

or, the isotomic of 8„_8 is the isogonal of 8„ ; a theorem which 
suggests a simple geometric construction for the successive 
centres of gravity of weights placed at the comers of the 
triangle proportional to the 0, 1, 2 ... i**"^ powers of the 
opposite sides. 

8. Suppose it be desired to obtain symmetric expressions 
for the vectors of the mean point, incentre, &c., &c., instead of 
the unsym metric expressions obtained in the preceding illus- 
trations. Let O be any point in the plane, and let 

OA = a, OB = ^, OC = y. 

Then the vector of the orthocentre, 3, may be written : 

y tan B — ^ tan C . 



-^^ "■ S tans 

where a', ^', y are the vectors along the sides of ABO. 

But, a' = y — ^;j8' = a-y;y=^-a. 
Therefore, 

2 tans 

a tan A + )S tan B + y tan C ., v 

" ;~StaS ^^ 

Similarly, for the circumcentre, 

^P^ ( tan B + tan C)a + (tan C + tan A)^ + (tan A + tan B)y 
^^- 2 2 tans (2) 

and for the midcentre, 

(S tans + tan A)a + (S tans + tan B)i8 + (2 tans + tan G)y .„. 

^ 4 2 tans 
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If G„ be the centre of gravity of weights placed at the 
corners of the triangle proportional to the n*^ power of the 
opposite sides, 

— a"a + h-p + c"y ... 

^^«- a^^b^+c^ ^ ^ 

If ri = o, 

OGq = Q > *^o vector of the mean point .... (5) 

If w = 1, 

OG, = -^ f -^1 the vector of the incentre ... (6) 

If 7i = 2, 

0G2= ^.^ A2 2 ^ >^^Q Victor of the symmedian point. . (7) 
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CHAPTER IV 
on points and yegtobs in space 

Section 1 
On the Mean Point 

3^°. Definition, — If the sum. So, o/ m coinitiat vectors^ 
coplanar or non-coplcmar, 



OAj = tti, OA2 = tta . . . 0A« = a„, 
be divided by their mumber, m, the resulting vector. 



• am. vn 



m m 



is the Simple Mean of those m vectors, and its term, M, is the 
Mea/n Point of the system of points, Aj, A2 . . . A^. 

If we are given such a system of points, a^, oq . . . (l^, 
and also a system of scalars, PiiP2 • • - Pn> ^^^ vector 

7— jP] tti + jP2 ttQ + . » . y„ On _ 2/>a 

'^ Pi -^ P2 + ' ' ' Pn 2p 

is the Complex Mean of those n vectors, and its term, C, is the 
Centre of Gra/vity, or Barycentre, of the sy stern of points, 
Ai, A2 . . . A„, considered as loaded with the given weights, 
Pi9 P2 • • ' Pn (Hamilton). 

34°. The position of the mean point depends upon the 
configuration of the system, and is independent of the position 
of the arbitrary origin, O. For, let C be the mean point of a 
given system, A^ . . . A„, with respect to an assumed origin, 
O ; and let O be the mean point of the sam e svs tem with 

respect to another assumed origin O' ; let O'A], 0'A2, &c., be 
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represented by a'l, a' 2, <fec., and let y be the mean vector with 
respect to O, 7' the mean vector with respect to 0'. Then, 

p^ai =;?,00' +Pia\, 



or, 2/?a =« OO'Sp + :$pa. 

But, by definition, 



therefore, 00 = y = 00' + / = OC. 

But the equal vectors, 00, OC, have a common origin ; 
therefore they must have a common term, or, C = C. The 
position of the mean point has not been altered, therefore, by 
selecting O' instead of O as the origin of the system. 

35°. The sum of the m vectors, pi, p2 . . . pm9 drawn 
from the mean point to every point of the system, is zero. 

By definition, Sa = w/x, 

^1 + a2 + a3 + . . . a„j = ft + /x 4" /A + . . . (wi times). 
Therefore, 

(tti — /a) + (ttg — /x) + (ttg — /x) + . . . (a^ - /x) = o. 
But 

ttj — /x = pi ; tta — /x = p2 . . . flm — /A = Pw 
Therefore, 2p = o. 

Conversely, if C be such a point that the sum of the vec- 
tors drawn from it to each and every point of a given system 
is zero ; then C is the mean point of the system. 

36°. If any system of points, together with its mean point, 
be projected by parallel ordinates upon any plane, the projec- 
tion of the mean point is the mean point of the projected 
system. 

Let A'l . . . A'„ be the projections of the points A, . . . A^. 
Find M', the mean point of the projected system ; draw MM', 
and let 



MAi . . . MA„ = pi . . . Pft ; M'A'i . . . M'A'„ z=z p\ , , , p'„. 
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Then, 



p\ = pi + A^'i - MM' 
p\ = P2 + A^'a - MM' 



But, 35°, 
therefore, 



fi', = D„ + A „A',. - MM' 
2p' = 2p + SAA' - wMM' 

2p' = o = 2p ; 



wMM' = SAA' = ^, say. 



Therefore MM' is parallel to ^, that is, to the other 
ordinates. 

Therefore M' is the projection of M, the mean point. 

Since MM' = ^^ = ^-^'i ' ' • ^"-^\ the ordinate 

n n 

of the mean point is Lhe mean of the ordinates of the system. 



Section 2 
Linear Equationa connecting four Non-coplanar Vectors 

37°. It has been shown, 27°, that if three vectors, a, )3, y, 
are coplanar, 
scalars can al- 
ways be found, 
A, ^, m, such that, 

Aa+Z)3+my=:o. 
If, however, a, 
P, y are not 
coplanar, the 
expression, 

ha -\- ip -\- my, 

cannot be 
equated to zero unless all three coefficients vanish. For 
Aa + ^i^ = p<f>, some vector in the plane OAB, fig. 7, and 
p^ + my = q$y some vector in the plane containing <f> and y, 
i.e., some plane different from OAB, OBC, and OCA. Hence 
the expression, Aa + Z)8 + my, represents some fourth vector, 

say — w8, whose coefficient, w, is J zero. 




Pio. 7. 
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In symbols, 

ha + ip -{- my + wS = o ; 

or, = a + a + y. 

n n n 



If we take 0A'= a, 0B'= ft 0C'= y, and 

complete the parallelepiped OA"B"C", we determine a point 
D, such that, 

OD == OC''+ C^ = 0C''+ 0C'= 0A'+ 0B'+ 00' 

= a \ p + . 7 = 8. 

n n n 

Hence, since a, )8, y may be any actual vectors, and since 
A, ^ m may have any values whatever, the sum of the three 
coinitial edges of a parallelopiped is the internal coinitial 
diagonaL 

38°. If Aa + ?)8 + my + w8 = o, what must be the re- 
lation between the scalars in order that the point D may be 
situated in the fourth given plane ABC ; or, in other words, 
what is the condition of coplanarity of the four points, 
A,B, 0,1)? 

If D lies in the plane ABO, the vectors DA, DB, DC are 
coplanar, and are consequently, 27®, connected together by an 
equation of the form 

pDA + gDB + rDC = o \ 
or, ^ (a - 8) + g' ()8 - 8) + r (y - 8) = o ; 

or, joa + g)3 + ^ — (/? + S' + »•) 8 = o. 

But ha '^ ip •{• my -f- wS = o. 

Hence, eliminating 8 from the last two equations, 

{h(p -{- q-^r) -^ np) a + {?(/> + 2^ + r) + wg^} /? 
+ {m (p + g' + r) + nr] y = o. 

Now, if the coefficients have an actual value, a, ^, y are 
coplanar. But, by hypothesis, a, ^, y are not coplanar. 
Therefore the coefficients have not an actual value, and must 
be equated to zero. 
Therefore, 



rZ^!!S—;l= -»g ;m = 



— nr 



p ^ q ^ r' p -^ q -{- r' p + q + r' 
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and 

A+Z+m+w=— w ( — 2 1 2 1- }^^_Q. 

\P'\-q-^r p+q-\-r p+q + r/ 

the required condition of coplanaritj of the four points, 
A, B, C, D. 

39°* The equation just deduced may be written, 

h . I . m , 
-t- i = 1. 



— n — n — n 
But, by construction, 

h ^^ h . OA' I OB' m 00' 



OA' := OA, or T^rr- i Tvd" ^ — rwT* 

— n ^ — n OA — n OB — n OC 

^, - OA' ^ OB' ^ OC , 

Therefore, qA + OB" + 00 = ^ ^ 

the equation of a plane in terms of the intercepts it makes on 
the Oartesian axes of coordinates OA, OB, 00. 
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PART II 

DIVISION AND MULTIPLICATION OF TWO VECTORS 



CHAPTER I 
first principles op quaternions 

Section 1 
Definitions 

1°. (a). A QvMernion is cm operator which turns any one 
vector into another (Cliflford). 

(6). The Meciprocal of any vector^ a, which is written, as in 

Algebra, - or a~*, is a/nx>ther vector whose unit-vector is the 
a 

opposite of the unit-vector, and whose tensor is the reciprocal of 

the tensor of the vector a. 

Ta-i = i. ; Ua-» = — = - Uo; a-i =- = — L- =J:iII?. 
Ta Ua a TaUa Ta 

a a a * a * 

{d). If a and p be any two vectors, and if 

a 
then, whatever be the nature of q, 

qa = ^a = P (1) 

a 

If y' = /3a = 4r; 

a * 

then q'a'^^Pa,o.-^ = A^a'^^P . . . "(2) 

a * 
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The two vectors will in all cases be supposed to be co- 
initial, and to be inclined to one another at a Euclidian angle, 
between zero and ?r, unless the contrary be stated. 

P is the Multiplier and a the Multiplicand of the product 
ySa. The multiplier is alwwys written to the left, the rmulti- 
plicand to the right ; and the symbol )8a is to be read — * a 
multiplied by )5,' or, shortly, * ^ into ou' 

It follows from (1) and (2) that the quotient and product of 
two vectors are quaternions. 

(e). The Angle of a quaternion, in the form, of a quotient^ is 
the angle contained by its constituent vectors. 

The Angle of a quaternion^ in the form of a product, is the 
supplement of the a/ngle contained by its constitv^ent vectors, 

(f). The Plane of a quaternion is the plane containing its 
constituent vectors, 

(g), CoplanaY Quaternions a/re those whose planes are coin^ 
cident or parallel, 

(A). Dipkmao' Quaternions a/re those whose planes are not 
pa/rallel. 

(i), Ji a, p,y, &c., be any three vectors, 

S ^ a 8 li: g 8, a ^.^ ^ ^.? l*'^ 

(j). Iiqa= ^ and q'a = ft, then q' = q. 
Sf 8 



y = y, „ 8' = 8. 

8' = 8, „ y' = y. 

„8Y=8y„ •/ = ■/, » 8' = 8. 

8' = 8, „ y = y. 



r y 



W W M » 



Section 2 
The Wature of a Quaternion 



2**. (a). L©t OA = a, OB = )8, ^%, 8, be any two vec- 
tors in the plane AOB, inclined g 
to one another at an angle Q, By ^^^^^^ 

definition, 1° ((^, if ^ = ^', then ^.^..^''''^^ \ 

a fs^^^fi 

q'a := ^a ssz B : or q^, or ^, is such a * A X 

^ a a Fig. «• 

factor that when it operates upon the divisor, a, it trans- 
forms it into the dividend, p. Now, since a differs from 
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)8, not only in lengthy but in direction, it is clear that two 
independent operations, of a totally different nature, are 
necessary in order to transform a into ^. The one is an 
operation of tension, the other an operation of torsion, or 
version ; and the order in which the two operations take place 
%8 immaterial. We may make a rotate round the point O 
until its direction coincides with that of fi, and then alter its 
length until it is equal to that of ^ ; or we may alter its 
length until it is equal to that of fi, and then make it rotate 
round O until its direction coincides with that of fi. 

Now, a may acquire the direction of /? either by a rotation 
round O in the plane AOB, or by conical rotation round a third 
coinitial vector bisecting the angle 0, To avoid ambiguity it 
is defined that the rotation from a to ^ takes place in the 
plane of the two vectors, AOB. Further, a may rotate in the 
plane AOB into the direction of /3 through either the angle 
or the amplitude, 27r — 0, For the same reason it is defined 
that rotation from a to )S, in the plane OAB, takes place 
through th e an gle 0, which, 1° (c?), lies between zero and ir. 

(b). Let OA = a, OB = /3, fig. 9, still represent any two 

^^^-> ^^^ vectors in the plane AOB, 

inclined to one an othe r at an 

/ ^** angle 6 ; and \et^ OA' be the 

reciprocal of OA, 1° (b), or 
a-^ Then, since TJa-* is the 
.' ^~^ f/^0 V opposite of Ua, the angle 

A' A" * '^A BOA= TT-e, 

Fra. 9. By definition, 1° (d), if 

)8a = (^\ then cCar^ = )5a . a~^ = )8 ; or <l\ or )5a, is such a 
factor that when it operates upon the reciprocal of the multi- 
plicand, a~^, it transforms it into the multiplier, )8. As in the 
previous case, two operations are necessary in order to effect 
this transformation — one of tension and one of version, th^ 
order of which is immaterial. As before, also, it is defined 
that rotation from a-* to P takes place in the plane of the 
vectors, BOA', and through the angle between them, tt — ^, 
which lies between zero and ir when lies ir and zero. The 
vector a-^, then, may be transformed into )8 by altering its 
length from OA' to 0A"=: OB, and then making the altered 
vector rotate in the plane BOA', through the angle {tt — 6) 
into the direction of /?. 

Such is the nature of the symbols q' or 2, and q'* or pa. 
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Both, as factors, imply two operations — one of tension and 
one of version — which are heterogeneous and absolutely inde- 
pendent. No mere change of length can in any way affect 
the direction of a vector ; no amount of rotation can alter its 
length. 

3°. The operation of Tension is purely metric, and we 
need only one number to carry it out^ — namely, the number 
(whole or fractional) by which we must multiply the length of 
one line in order to make it equal to the length of another. 
Given this number, we can make the length of the one line 
equal to that of the other, without knowing the absolute 
length of either of them. 

4°. The operation of Version is of a more complex nature, 
and will be found to involve a knowledge of three numbers. 
The first point to be explained 
is the means of giving rotation 
to a vector. 

(a). Let 

OA = XJa, OB = U)8, 

fig. 10, be any two unit- 
vectors in the plane of the 
paper, inclined to each other 
at any angle ; and let 

OA' = - Uo, 0B'= - JJB, 
be the opposites, or recipro- 
cals, of Ua and U)8, P (6). ^^- ^^' 

Let OX be a unit-vector perpendicular to the plane 
of the paper, drawn from the ori gin, O, toiuards the 

reader as he reads the book ; and let OX' be the opposite 
unit -vector of OX, drawn ^rom the reader through the leaf of 
the book. Conceive OA and OA' to be two very fine wires so 
connected at O with two other very fine wires, OX and OX', 
that by twisting either OX or OX' about its longest axis, a 
motion of rotation is communicated at will to either OA or 
OA'. Motion of rotation would thus be communicated to 
OA or OA', as the case might be, in exactly the same way as 
if OA or OA' were the minute-hand, and OX or OX' the key 
of a clock which it was necessary to set ; the key being 
applied in the case of OX to the face of the clock, and to the 
back of the clock in the case of OX'. Thus, if we conceive 
the unit-v ecto rs to be gifted with the powers of the wires, by 

means of OX or OX', we can make Ua or — Ua, or any 

D 
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coinitial vector in the plane of the paper, rotate into the 
direction of U^, or any other direction in that plane. 

Generally, rotation is given to any vector lying in any 
plane by operating on it with a coinitial unit-vector perpen- 
dicular to that plane. 

When employed to give rotation to other vectors in planes 
1 y perpendicular to themselves, unit-vectors are called Versors 
^^ (vertere, to turn). 

Versors can only operate upon — that is, give rotation to — 
vectors perpendicular to themselves. 

(6). When twisting the wire OX about its longer axis, the 
reader is supposed to be in the position he occupies while 
reading the book — with his eye at X, looking towards O. 
When twisting OX' he is supposed to have moved to a 
position beyond X', facing his former position, with his eye at 
X', looking towards 0. These two positions bear exactly 
the same relation to one another as the two positions one 
successively occupies when locking a door on the outside and 
on the inside. And as one sees different sides of the door 
when locking it on the outside and on the inside, so one sees 
different sides, or aspects, of the plane A'BA, when twisting 
OX' and when twisting OX. Furthermore, a right-handed 
twist given to OX at X appears to be a left-handed twist 
when seen from X' ; just as locking the door on the inside by 
a right-handed turn of the key would appear to be locking it 
by a left-handed turn of the key to anyone viewing the 
operation through a glass door from the outside. In order, 
then, to estimate the direction of the twist, we must imagine 
ourselves to be in the position of the person giving the 
twist. 

Right-handed rotation — the rotation of the hands of a 
clock when looked at to take the time — will be considered as 
positive ; left-handed, or anti-clockwise rotation as negative, 
in this book. 

(c). TJa may be made to rotate through the angle ^int o the 

direction of 17/3 by giving either a negative twist to OX, or a 
positive twist to OX'. To avoid ambiguity, it is defined that 
OX', which turns XJa into the direction of U/3 by positive 
rotation, is the versor by which this operation is to be carried 

out. 

Similarly, OX, which turns — XJa into the direction of U/3 
by positive rotation, through the angle tt — ^, is defined to be 
tlie versor by which this operation is to be carried out. 
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Generally, rotation is communicated to any vector by that 
versor which turns it by positive rotation into the required 
direction. 

We must now place a limitation to the turning powers of 
versors. Every versor possesses the power of turning any 
vector perpendicular to itself, by positive rotation, through a 
certain angle ; but it cannot produc e ro tation through any 
other angle, greater or less. Thus, if OX possesses the power 
of turning OB through a definite angle 0, it can turn any 
other vectors, OP, OQ, &c., in the plane AOB, through the 
angle ; but it can turn them through the angle only. In 
consequence of this limitation, we must modify our terminology. 
There are two different, although coincident, versors along 
OX : (a) the versor which turns U/3 through the angle into* 
the direction of Ua ; (6) the versor which turns — Ua through 
the angle ir — into the direction of U/3. There are also two 
different, although coincident, versors along OX': (c) the 
versor that turns Ua through the angle $ into the direction of 
U/3 ; (d) the versor that turns — U^ through the angle ir — 
into the direction of Ua. 

For the moment we will designate these four different 
versors by the following symbols : 



(a)byOX«; (5) by OX,.,; 

(c)byOX',; ((f)byOXV-.. 

Since Ua and U)8 are of equal length, when U/3 is turned 

by OX, into the direction of Ua, it becomes equivalent to, or 
is transformed into, Uo. In symbols, 

OX, . U/J = Ua. 
Therefore, P (rf), OX, = ~~ (1) 

Similarly, OX, - 1? . Ua - i = Uy8. 

Therefore, P (d), 

0X,-, = :^j^ = U/3Ua .... (2) 

In like manner, 

«^'' = S (3) 



0X',_, = UaUi8 (4) 

D 2 
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It follows that the quotient or product of any two unit- 
vectors is a third coinitial unit-vector perpendicular to their 
plane. 

{d). Since an operation of version implies rotation in a 
certain plane, towards a certain hand, through a certain angle, 
at least three numbers are required for the complete determina- 
tion of a versor ; one to represent the magnitude of the angle 
of rotation, and two to fix the direction of the plane of rota- 
tion, or of the versor itself. 

It will be observed that, as in the case of a vector, two 
numbers are required to determine its direction, and a third 
to define the amount of motion o/ translation communicated 
to a particle in that direction ; so in the case of a versor, two 
numbers are required to determine its direction, and a third 
to define the amount of motion of rotation communicated to a 
vector at right angles to that direction. 

5°. Since the operation of Tension depends upon one 
number, while the operation of Version depends upon three 
numbers, it is clear that for the complete determination of a 
quaternion a set of /ov/r numbers is required. Hence the 
name quaternion (qiuzternioy a set of four). 
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CHAPTER II 

THE PROPERTIES OP A SYSTEM OF THREE MUTUALLY 
RECTANGULAR UNIT- VECTORS, i, j, k 

Definitions 

6°. (a). The unit of versor measurement is one right angle. 

(b). All unit-vectors which possess the property, as versors, of 
turning vectors perpendicular to themselves through a quadrant 
are designated by symbols whose index is unity, positive or 
negative a^ccording as the rotation is positive or negative, 

(c). The function, or effect, as versors, of all unit-vectors 
designated by symbols whose index is unity, is to turn vectors 
perpendicvlar to themselves through a quadrant, positively or 
negatively according as the index is positive or negative. 

Such unit- vectors are called quadrantal, or right versors, 
and right-angled quaternions right quaternions. 

7**. Let i (01), j (OJ), k (OK), fig. 11, be three given and 
mutually rectangular unit- j^ 

vectors, with such relative 
directions that rotation 
from j to k (as seen from 
I), from k to i (as seen 

from J), and from i to j ^'^ zi. 

(as seen from K), is posi- 
tive. Then the opposite 
unit-vectors, 

or, OJP, OK' 

will be — i, —j, —k, j' 

respectively. For the sake ^^' ^^* 

of clearness, let the plane K'JK be the plane of the paper, i 
being drawn towa/rds us, and — ifrom us. 

From the definitions, 6°, it follows that when i operates as 
a versor upon the vector j, the result of the operation is the 







I 



■>K 



%. 
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THREE MUTUALLY RECTANGULAR VECTORS 



vector k. Similarly, j operating upon k produces t, and k 
operating upon i produces J. In symbols, 

ij:=^k',jk=^i',ki=ij (1) 

similarly, 

ji=z -- k; kj = —i; ik:n= -j , . . (2) 

From these two series of equations it is clear that the sign 
of the 'product changes when the order of the factors is 
changed. In other words, the Commutative Law of Multipli- 
cation — ah = ba — does not hold good for right versors. In 
algebra, a& =: 6a ; in quaternions, ij J= ji. But it will be 
observed that, 

or, the product of two right versors is equal to the product of 
their opposites. 

8°. The Distributive Law of Multiplication, however — 
J p a (6 +• c) = ah + ac — still holds true. 

Let 01, O J, OK, fig 12, represent 
t, y, k. Complete the squares O JPK 
and OKQJ', and draw OP, OQ^ 

Then, since T . OP = T . OQ, and 
Z. QOP = -, we have by definition 
(c), 6°, 




>. 



_ I . OP = OQ. 

But OP = J + A; ; and 

-DQ = A:-i = i;+iA:,7«(l),(2)3 
no. 12. therefore, t {j + A;) = ij + ik. 

It may be similarly shown that i (j — A;) = ij — ik. 
Therefore, the distributive law applies to right versors. 

Qo. By (1) of P, 



and by (c) of 6°, 
therefore, by (J) of V 






Similarly, 
Further, 



J . . ^ 



(3) 



-= -h 

— * 

•| = *j |=i; t =y . . . . (4) 
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Hence, by inverting a fraction, the sign of the quotient is 
changed. 

In using a quotient as a factor, the same precautions as to 
multiplier and multiplicand must be observed as in the case 
of single vectors, P (d). For example, 

• • • 

-.j = i; but j . T7^ i, Forj . \=zj(—k) = — i, 
J J J 

Similarly, -J =.\ - while ^ . ? = — z {—k) = —J = -. 
J k k k J % 

10°. («). By the method of 9° we have ^ = i ; and also 

k 

T =^ i. Therefore, writing i^ for w*, we have 

J 

for the square of any right versor. 

Similarly, ^'^ == — 1 • A;* = — 1. 

Again, we have — ^ = -^-, and — i = -, 

k % 

Therefore, 

(-i)(-i) = (-i>^=^H=^-^'=-L 

Similarly, (-A;)« = - 1 ; (- t)2 = - 1, 

Therefore, 
t2=ja = A;2=,-l=(-t)2=:(_J)2 = (_A:)» . . (5) 

In words, the square of any, and every, right versor is 
negative unity. 

It must be observed that ( — j)^ ^ — p. For, as has just 
been shown, ( — y)' = — 1, while —p^ = — i^p) = - (—1)= + 1. 

(6). i , jk = i , i ^ i^ ; ij , k =:i k , k= k"^ ; 
J , kt=zj .J =f ; jk.t =z .1 =1^ ; 
k , ij = k. k= k^ ; ki .j =j ,j =zp ; 

Hence, i ,jk=i{j,k ==/ . ki = jk , i =:i k , ij = ki . j . . . (6) 
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The Associative Law of Multiplication, therefore, 
holds good for right versors. We may, consequently, suppress 
the points in (6), and write 

(c). It may be similarly shown that 

ikj = kji z=jik = — i^ z=z — p = — k^ = + I, 

Hence a derangement in the cyclical order of the symbols 
changes the sign of the product. 

ir. (a). It follows from 10° (7), that ij, k, - t, ^j, - k, 
denote six of the geometric square roots of negative unity, or, 

i=zj=:k='s/—l= — i := — j =z ^ k . . . (8) 

In the present Calculus, therefore, the imaginary of 

Algebra, >/ — 1 admits of a geometrically real interpretation 
as an indeterminate right versor. It is indeterminate, because 
its direction is indeterminate. In other words, the equation, 
t^ + 1 = o, has indefinitely many roots, all of which are 
geometric reals. 

We have now reached the point which Sir W. R. Hamilton 
pronounced (* Life, &c.,' III., 90) to be * the difficulty in the 
theory of the geometrical interpretation of Quaternions ' ; 
namely, the two meanings of % as a vector, and as a versor. 

In the equation, ij = k, j and k are vectors, while * is a 
versor. In fact we may regard k as the vector generated, 
when the versor i operates upon the vector j. Further, * is a 
perfectly definite versor, operating in the plane of ^' and ky to 
which it is perpendicular, so that rotation round it from J to k 
is positive. 

In the equation, i = \/ - 1, by analytically determining a 
value of i independent of j and k, we have abstracted from 
the conception of i the idea of a plane in which, and conse- 
quently of a hand towards which, it operates. Equation (8) is 
a corollary of definition (c), 6°. It asserts that all right 
versors are equivalent in respect to angle ; and it asserts 
no more. 

(6). It maybe said that equation (8) violates the definition 
of equal vectors. This is not so. The definition asserts that 
unit-vectors with given directions are only equal, as vectors, 
when those directions are similar. Equation (8) asserts that 
all unit-vectors in the first power are equal, as versors, in 
respect to angle. 
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(c). Again, it may be said that since i =jky and also 
i = k =j = s/ — l ; we must have, >/ — 1 = >/ — 1 . >/ — 1 = — 1, 
which is absurd. 



We cannot substitute >/ — 1 f or i and k in the equation, 
i=zjk ; because i and k are vectors, and the symbol, >/ — 1, 
represents them on/^ in their character of indeterminate right 

versors. It would be a contradiction to write, i = n/ — 1 . A; ; 
for in this case k and i being given, the versor is not the 

indeterminate \/ — 1, but the definite versor J. 
12». By 9» (3), (4), 



k 

J 



A; . 7 



or, the reci- 



But ^- = 1 : -; ; therefore, — i = - = i" * : 
A; ^ * 

procal of a unit- vector is its opposite. Hence, 

t " y =: — ij ^ — k. 

In words, j may be turned into the direction of — ifc, 
either by operating upon it with — i and turning it through 
a positive quadrant, or by operating upon it with i and 
turning it through a negative quadrant; definition (c), 6^. 

But 4° (c), — * (not i~^) is the versor of the quaternion — ;— , 

J 
because it operates positively. 

13°. By 12® we obviously have. 



a 



1 1 1 



Ta Ua Ta 



= ^(-Ua)=-^« 



Ta 



To exhibit graphically a vector and its reciprocal : through 
any point C in the diameter A' A of a 
circle, fig. 13, draw ED perpendicular D 

to A'A ; draw any chord FG through 
C ; and let CE, or CD, be the unit of 
length. Then, 
CF.Ca = CD.CE = CD2=:CE2=l; A 

and consequently, CF = pp. 

Therefore, since T . CF = -— r— , 

and U_^CF = - TJ . CG; if CF = p, 
thenCG = p-^ 
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14°. Since ii ~ ^ s= i ( — -i) = ikj = kj% 
and also, i~ 'i = (— i) t =s ^*i ; 

we have n " * = i~ ^ ; 

or, a unit-vector and its reciprocal are commutative. But 
this only holds good for unit- vectors of the same name, 
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CHAPTER III 
the various forms of a quaternion 

Section 1 

A Quaternion as the Product of a Tensor and a Versor 

15°. A quaternion may be thrown into the form of the 
product of a tensor and a versor. 

Let^'j =7j, fig. 10. Then, resolving a and fi into their 

tensors and unit- vectors, we have, 

_ TaUa _ Ta Ua __ Ta -— .^ . . ... 

^^ T/3U/3 Tfi tJ/3 Tfi ^ ^' ^ (^)' (^^- 
^ is called the tensor, and ;^ or OX^ the versor, of the 

quaternion . In symbols. 

Similarly, if gg = ^a, we have 

^, = ^a = -^, = ^, .^, = T/3T« . U^Ua 
a * la * Ua * 

= TjSTa . OX,_fc 4° (c), (2). 



. . 



(1) 



T)8Ta is called the tensor, and XJjSUa, or 0X»-^, the versor, 
of the quaternion ^a. In symbols, 

Tq^ = T/3a = T)3Ta ; Vq^ = Vfia = OX,., ;) . . 

^2 = ^a = T^a . TJiSa = Tq^TJq^ j - - K^) 

In general, g = TgXJ^' (3) 
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In this equation, Tq is the quotient or product of the two 
tensors^ according cts the quaternion is the quotient or product 
of the tux> vectors. In both cases TJq is a unit-vector drawn 
/rom the assumed origin, O, perpendicular to the pla/ne of the 
quaternion, such that rotation round it, from the divisor to 
the dividend, or from the multiplier to the multiplicand, is 
positive. 

As a quaternion is the product of a tensor and a versor, so, 
conversely, every product of a tensor and a versor is a qua- 
ternion. For if {Tq . U^) operate upon any vector at right 
angles to itself, it will obviously alter both its length and 
direction, that is, transform it into another vector, 1° (a). 

16°* The versor of a versor is the versor itself : 

V(UP) = VP; TJ(Uq)=:TJq, 

It may be observed that the value of a composite vector 
expression is not altered by altering the order of the numerical 
quantities it may contain : fibyfdS = bpfySd = hdffiyl. 

Section 2 
A Qu^Uemion as the sum of a Scalar and a Vector 

17°* We are now in a position to investigate^ an expression 

for a quaternion explicitly involving 
its angle. 

(a). Let OA(Ua) and OB (UjS), 
fig. 14, be the unit- vectors of any 
two given vectors, a, P, inclined to 
^^As o^^ another at an angle $, different 
from zero, ^ir, and ir ; and draw OC, 
of unit length, perpendicular to OB 
in the plane AOB. Let fall per- 
pendiculars from A on OB, OC, 
cutting them in A', A" respectively ; 

' and draw from O, towards us, the 

unit-vector OX, perpendicular to the plane AOB. Then, 
4° (c), (1), 

-- _ Ua _ OA _ OA' AM. __ OAj OA" 
^^^"" U^ ""OB - OB "*■ OB "" OB + OB • 

OA' 
Now, Q^ is a scalar — the ratio of the lengths of OA' and 
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OB. The length of OA' = OA cos = cos 0, since 
OA = 1 : the length of OB is unity. 

OA' 



Therefore, ^ = cos 6. 0A"= TOA''. UOA". 
OB 



But TO A" = OA sin = sin 0, and UOA'' =^ OC. 

OA" . ^ 00 



Therefore, O A'' = sin ^ . OC, and ^ = sin tf 



But OC, OB are rectangular unit- vectors. Their quotient, 
therefore, is a versor in the first power in the direction of 
bX, which we will call e. In symbols, 

OC , OA" . . 

— =.,and-- =esm^. 

Therefore, 

— - Ua OA' OA" , . ^ 

OXe = jj^=z^ +"OB ■* «^s ^ + € sm ^ . . (1) 

or, U^ = cos ^ + € sin ^ (2) 

Equation (2) gives us an expression for the versor of the 
quaternion, -^ in terms of its angle, which will enable us for 



the future to discard the temporary symbol OX^. 

If ^ = o, we have __— = 1, or Ui3 = Ua. 

Up 

If tf =7r, J^= - 1, or U/3 = - Ua. 

If ^ = ^, — ^ = 6 ; which is merely the equation, - = i, 
with different symbols. 

Multiplying equation (2) by =^ we get, 15°, 

J = ^^(cosd + csin^) (3) 

- = — cos ^ + — sin ^ . € . . . . U) 
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Equation (3) gives ns an expression for the quater- 

rn 

nion - as the product of its tensor, -7=^ and its versor, 

(cos + € sin 6), which turns P into the direction of 
a by positive rotation through the angle 0. 

Equation (4) gives us the expression for the quaternion ^ 

Ta 
as the sum of a scalar and a vector quantity. ~ cos is called 

To. 
the Scalar ; ^^ sin . c, the Vector, of the quaternion ^. In 

symbols, 

S| = gcos<?;V^ = ^sine.e ... (5) 

"=S^ + V^ (6) 

P P fi 

- - sin tf, (5), is called the Tensor of the Vector ; c, the 
Versor of the Vector, of the quaternion ^. In symbols, 

^3 = ^'^'^'^''^^^ = * • • • - (7) 

For shortness' sake the versor of the vector is often called 
the Axis of a quaternion. It is a unit- vector coincident with 
the versor of the quaternion, U^ j but the two are generally 
unequal versors, because although they produce rotation in 
the same direction they operate in general through different 
angles. UVg^, or Aa; . q, is always a quadrantal versor : U^' 

is a quadrantal versor only when i_q-=. 

The term, cos (2), is called the Scalar of the Versor ; 
sin . €, the Vector of the Versor ; sin ^, the Tensor of the 

Vector of the Versor of the quaternion ^ . 
In symbols, 

SU| = cos6>;VU^ = £sin6>; TVU| =sin^ . . (8) 
P P p ^ 
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(6). Let OA, OB, fig. 15, be the same unit- vectors, at the 

same angle, as in (a). Produce BO . g 

until OB' = OB, and draw OC, of ^yT 

unit length, perpendicular to OB x' y/^^v 

in the plane AOB. Let fall per- ^^''K-^ '''\ 

pendiculars from A on OB, OC, ^^^ ^A 

cutting them in A', A" respec- ^ \. 

tively ; and draw from O, from / A^'^ 

us, the unit- vector OX', per- y** i^ 

pendicular to the plane AOB. ^^ ^ 

Then, 4^ (c), (4), piq. is. 

— -, _ Ua ^ OA ^ OA' OA^^ 

OX,,_e» — UaU^— _^^ Qg, OB' OB" 

„ = — cos ^ -f sin ^ — - ; 

or, XJa)3 = — cos ^ — c sin ^ . . . . (9) 

Multiplying across by TaT^, 

Q.^ = TaTjS (— cos ^ — € sin &) \ ., ^v 

„ = - TaT^ cos Q - TaT^ sin ^ . € j • ' * ' ^^^f 

In this case ( — cos Q — c sin d), or — (cos ^ -f- c sin ^), is 

the value of the versor OX'^ _ ^ which turns /9 - * through 
the angle (tt — &) positively, into the direction of a. 

Equations (10) are expressed in terms of d, the angle of 

the quaternion . To express them in terms of (tt — ^), the 

angle of a)8, we have merely to write, 

a^ = TaT)8 {cos (tt — ^) - c sin (ir - d)} . . . . (11) 
Sa/3= -TaT)8cos^; Va/3 = — TaT^8in6. € . .(12) 

a/3 = Sa/3 -h VajS (13) 

TVa^= TaT/3 sin ; UVajS = - c (14) 

SUai8=-.cosd; VUa^=-€sind;TVUa/3 = sin^. . (15) 

(c). It may be similarly shown, by slight modifications of 
fig. 14 and 15, that 

^ = -^(cos^-€sind) (16) 

a la 

„ = 5^cosd-|^sin<?; (17) 

la la 

/3a = T/3Ta (- COS ^ + € sin ^) (18) 

„ = - T^STa cos + T/3Ta sin ^ . c . . . (19) 
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18°. Recapitulation of the 
a 



5^ = 
Tq = 



Ta 



U^' = cos ^ + € sin 6, 



T^ 



cos 0, 



"^^^ = ^ sin ^ . €. 

QTJq = cos 0, 
YXJq = € sin 0. 
TYVq = sin 0, 



B 

a 

Xa 
JJq = cos tf — € sin 0, 

S^ = =^ cos 0. 
Ta 



Ta 



sin . €. 



TV^ = 1^ sin tf. 
la 

UV^ = - €. 

SUq = cos ^. 
VUg = - € sin 0, 
TYVq = sin $. 



formula of 17°. 
q = afi, 

Tq = TaT/?. 

Ug' = — cos ^ — € sin 0, 
Bq= - TaTyS cos e. 

Yq= -- TaT/3 sin ^ . €. 
TYq = TaT/3 sin d. 



JJYq 
TVU^ 



— €. 

— COS 0. 

— € sin ^. 
sin ^. 



^ = /3a. 

T<y = T^Ta. 

Ug' = — cos ^ + € sin 0, 

Bq= - TySTa cos 0. 

Yq = TySTa sin . c. 

TV^ = T/3Ta sin ^. 

UVg = €. 

SU^ == — cos $. 
YVq = € sin e. 
TYJJq = sin 0. 



a Ta / /I , • /iv 



a/3 = TaT/3 (- COS ^ — € sin $) ] 

„ = TaT/3 {cos (tt - ^) - € sin (tt - ^)} ) ' ' 



(A) 
(B) 
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^ =:'^ {coa e - € mn 0) (C) 

a la 
/3a = T)8Ta (— cos ^ + € sin ^) | 

„ = T/3Ta {cos (^ - ^) + € sin (tt - ^)} ) ' '  V^) 

The first equations of (B) and (D) express the versors of 
ap and Pa in terms of 0^ the angle of the quotients ^ and " ; 

p a 

the second equations express them in terms of (tt — 6), the 
angle of the products themselves, 1° (e), 

19^* We have now reached the remarkable result that a 
versor may be expressed as the sum of a Number and a 
Vector. 

It may be objected that a number and a line are hetero- 
geneous quantities, and can no more be added together than 
a pint and a mile. A difficulty exactly analogous is presented 
in the Calculus of Finite Differences by the symbol 1 + A ; 

* where the number 1 appears to be added to the characteristic 
A, which is not a number at all, but the sign of the operation 
of taking a finite difference! 1 + A is, in fact, * the symbol of 
an operator which changes any given function ofxto the sams 
function o/*a; + 1 ' ; and we learn, in that Calculus, what the 
proposed sum 1 + A is by learning whxU it does (Hamilton's 

* Lectures, &c.,' p. 388). In a similar way (cos ^ + c sin ^) 
is the symbol of an operator, a Versor, which has the power 
of turning any line upon which it operates in a plane perpen- 
dicular to itself, through an angle 0, positively. 

This symbol represents a unit- vector, as may be proved by 
taking its tensor, 

Its square is not negative unity, as are the squares of 
t,^'. A;, because it is not in general a right versor. In the 
special case when ^ r=3 i ^r, how- 
ever, its square is negative unity. 

20*^* It has been shown in 
17° that a quaternion is the sum ^^^ 
of a scalar and a vector. It 
remains to prove the converse : 
the sum of a scalar and a vector P^ 

is a quaternion. ^<*' !•• 

Let w and p be any scalar and any vector which 

K 
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it is proposed to add together. Let OA (a), fig. 16, be 
any assumed vector in the plane of the paper, to which 
plane p is supposed to be perpendicular at O. Operat- 
ing upon a with w, we obtain a vector, UB, equal to wa. 

Operating upon a with p, we obtain a new vector, 00, equal 
to pa at right angles to a. Completing the rectangle OBDC, 
and drawing the diagonal OD, we obtain OD = ttJa + pa ; 
hence, 

, iva , pa wa -f pa OD . 

w -{- p^=i h ^— = —^-- = pr-r = a quaternion. 

a a a OA 

21°. It is evident from equations (10), (18), and (19) of 
17° that the commutative law of multiplication does not hold 
good for vectors : Pa ^ aft, 

22°. From equations B and D, 18°, we obtain, by adding 
and subtracting, 

Sa/3 = S/9a = i (a^S + )8a) (1) 

Va^ = - V^a = i (a/3 - iSa) . . . . (2) 

23°. If ^ = o or TT, the vector parts of (A), (B), (C), (D) 
vanish, and the quaternions degrade to scalars. 
If ^ be a product, and ^ = o, we have 

)9a = — T)8Ta = — 6a = a negative scalar ; 
and for ^ = tt, )8a = T)8Ta = 6a = a positive scalar. 

Hence the product of two parallel vectors is a scalar which is 
negative when the vectors have similar, and positive when 
they have contrary, directions. 

If o' be a quotient, and = o, we have ^ = - ; and for 

a a 

^ = TT, ^ = — - ; results which confirm those of 19°, Part I. 
a a 

Conversely, if V^ = o, the constituent vectors, a and )8, are 
parallel, or a =a;/3. For if Ta and T^ have actual and real 
values, the vector of a quaternion can only vanish when ^ = o 
or w. 

It follows that if a quaternion degrade into a scalar, or 
if 5^ = 3t 05, then 

Tg = T ( 4: aj) = a; ; Vq^TJ {±x)= ±1. 
In words, the versor of a scalar, regarded as the limit of 
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a quaternion, is equal to positive or negative unity, according 
as the scalar itself is positive or negative (Hamilton). 

24**. For the future (Ta)^ will generally be written T^a ; 
T(a2) will -be written Ta^ ; (V^)^ will be written Y^q ; Y(q^) 
will be written V^'*, <fec., Ac. 

If ^ == O and Ta = T)8, then /3 = a and 
/3a = )82 = (T^TJ/3)2 = T^JJ^TPVP = T^fiV^/B 
„ = T^p (-!)=_ T2/3 = - 62 . 

or, the square of a vector is a negative scalar, being the 
square of its tensor combined with the minus sign. It follows 
that the square of a vector must be considered as having no 
direction in space. 
Since yS^ is a scalar, 

V^« = o ; S)82 = ^2 = - h\ 

25^ If ^ = ^, the scalar parts of (A), (B), (C), (D) 

vanish, and the quaternions degrade to vectors. For example, 
pa becomes T/3Ta . €, a vector which Sir W. R. Hamilton 
called the Index of the Right Quaternion /3a, or IV/3a. Con- 
versely, if g' be any quaternion, and if S^^ = o, then the 
constituent vectors are at right angles to each other. For, 
provided that Ta and T/t3 have real and actual values, the 

scalar of a quaternion can only vanish when =^-. 

26°. S)8a, or — T/(3Ta cos ^, is (neglecting signs) the area 
of a parallelogram whose sides are equal to OB and OA, and 
whose angle is the complement of /. BOA. 

TV)8a, or T/3Ta sin ^, is the area of the parallelogram 
BOA. 

V/8a, or T/3Ta sin ^ . c, is the Vector- Area of the same 
parallelogram, T/3a sin B representing its numerical value, and 
€ indicating its sign, which is positive or negative according 
as the rotation of a particle round the periphery is positive or 
negative as seen from the term of c. Thus, 

V/3a == 6o sin ^ . € = OABC ; 

Va/3 == a6 sin ^ (- c) = - a6 sin ^ . € = OCBA. 

B 2 
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Section 3 
A Qiiatemion as the Power of a Vector 

27°. Since i, or t^ is a versor which turns any vector on 
which it operates, say^, through on« right angle positively, 
it is natural to define t^ to be a versor which turns the same 
vector through two right angles positively ; i^ through three 
right angles positively . . . t"* through m right angles 
positively, m being a positive integer. 

In the same way, since i~* is a versor which turns the 
vector upon which it operates through one right angle 
negatively, we define i"^ to be a versor which turns the same 
vector through tvx) right angles negatively, i"^ through three 
right angles negatively . . . i"^^ through m right angles 
negatively, m being still a positive integer. 

In perfect consistency with the foregoing, we define i^ to 
be a versor which turns the vector upon which it operates 
through one-half ei, right angle positively, i* through one-third 

of a right angle positively . . . i^ through one m^ of a 
right angle positively. 

Similarly, t"«» is a versor which turns the vector upon 
which it operates through one m*** of a right angle negatively. 

Definition, — If-q is any unit-vector and t any scalar, whole 
or fractional, positive or negative, rf is a versor which twists 

any vector at right angles to rj through an angle t x -, the 

it 

direction of rotation depending upon the sign of t. 

Hence, every such power of a unit-vector is a versor ; and, 
conversely, every versor may be represented by such a power 
(Professor Hardy). 

Since the angle of a quaternion has been defined to lie 
between o and tt, the value of t must lie between o and 2, 

If the angle of the versor in degrees be 6, then = t^ 
and t = -dy or (as it will for the future be written) c6, 

TT 

Hence i;±'= ri^'^. • 

28°. It was shown in 17° (a) that the value of the versor 
of ^ which turns /? positively through the angle 6, is 

. cos ^ + c sin 0, 
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But the versor ^ would turn p positively through the same 
angle. Therefore, 

cos ^ + € sin ^ = €** (1) 

Similarly, the value of the versor of ", which turns a 

a 

positively through the angle ^, is cos ^ — c sin 0, But the 

versor (— c)<^ would turn a positively through the same angle. 

Therefore, 

cos tf - € sin ^ = (— €)«• (2) 

If it be desired to give the value of this versor in terms 
of + e, we have only to bear in mind that the effect of 
turning any vector through any angle negatively by means of 

a versor OX, is equivalent to the effect of turning the same 
vector through the same angle positively by means of the 

versor — OX, and vice verad. Hence, (— c)** = c~**, and 
consequently, 

cos^ — €sind = (- €)<^<'=€-^. ... (3) 

But (— €)^, not €~^, is the versor of °y because it operates 

a 

through $ positively, 4*^ (c). 

In precisely the same way, we have for the versor of ^a, 

cos(7r — ^) + €sin(x- ^) = €<'(»-«); . . (4) 
and for the versor of a)3, 

cos (tt - ^) — € sin (tt - ^) = (- €)«(»-«) . . (5) 
W e maynow discard the notion of tw o coincident versors, 
OX^ and 0X^_^, in the direction of OX, 4° (c), which was 
introduced merely for the purpose of explanation. The base 
OX may be considered as one and the same in both cases, being 
expressed by c*^ when it operates through the angle ^, and by 
c« ("•-*) when it operates through the angle (tt — 6\ &c., (fee. 

29°. As in the case of quadrants! versors, i-^ = -, so in 
the case of non-quadrantal versors, €~^= --z.. For, 

a XJa Uo * Ua Ua * U/3 * U^* 

But U^ = COS tf - € sin ^ = (- €)<^ = c-*^ ; 
a 

and U^ = COS 6 + € sin ^ = ^, 
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Therefore, 
But although 



t — <^ss 



.r«' 





t-1 = — i, yet c-''^ ^ - €c», and - €<« 76 (— c)^^. 
For, c-^ = (-€>«« = COB tf — € sin d, 

and —€«»= — (€<*) = — cos ^ — c sin ^ ; 

and the right-hand members of these two equations can only 
be equal in the particular case when =1 -^ that is, when 

f = 1. Therefore, in general, 

€-c« ^ — c<^, and - c^'* ;^ ( - c)*^*. 

fijP[ 30°. Let a, /3, y, 

fig. 17 (a), be any three 
coinitial, coplanar vec- 
tors, the angle between 
a and /3 being </>, that 
between /3 and y, Xr 
Fig. 17. Then, 

U^ = cos <^ + € sin <^ = €^*, 
U- = cos Y + € sin X = €*"% 

y 

Now, 
jj^ . ^^ =^- ; and (cos <A + c sin tf,) (cos x + € sin x) 

= cos («^ + x) + « sin (<^ + x) = €'^*"*''^- 
Therefore, 

6<^ . €« = U- = cos («^ + x) + € sin (</> + x) = «"*'*"'^ • • (1) 

y 

Suppose that y lies between a and /3, fig. 17 (6), and con- 
sequently that the angle between a and y is (<A — x)* Then, 
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UV" = — UV^> since the rotations from 3 to a and from 

r p 

y to /S are contrary in direction. 

Hence, 

U- = cos <^ + € sin <^ = €*^, 

U^ = cos Y — € sin Y = €~^^ = 

^i * ^ (cos<^ + € sin <^) (cos x - € sin x) =-^. 

Now, XJ^ U^ = U- ; and (cos <^ + €sin<^) (cosx— €sin v) 

= COS (<^ — X) + « s^ (<^ — X) = c'^^*""'^- 
Therefore, tl.^^^^*'x^ ^2) 

The meaning of (c*^)"* may be investigated in the same way 
as that of rf, c*^*, or (€^)\ is a versor which turns a vector at 
right angles to itself once through the angle 0, positively ; 
(c^)^ turns the vector ttuice through the angle 6 ; . , , (c'*)*" 
turns it m times through the angle 0, And since the opera- 
tion of turning a vector m times through the angle is equiva- 
lent to the operation of turning it once through the angle mO, 
we have, 

(€^*)"» = c«"' (3) 

Hence, (1), (2), (3), the Algebraic Law of Indices holds 
good for versors : 

r 

31°. Suppose that the plane of a quaternion is indeter- 
minate, and consequently that the versor of its vector is >/ — 1. 
Then the equation, 

(€**)« = c«^, becomes {(n/^^H"* = (>/"^)^j 



or, (cos ^ H- sin ^ . ^/— 1)"* = cos m^ H- sin m^ . >/ — 1, 

which is Moivre's formula. This formula, then, admits of a 
real geometric interpretation when the symbol >/— 1 receives 
the interpretation assigned to it in this Calculus. According 
to that interpretation, Moivre's theorem asserts that the 
operation of turning a line m times successively through any 
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angle B, is equivalent to the operation of turning it once 
through an angle m$. 

Those who wish to go further into this matter are referred 
to Professor A. S. Hardy's 'Elements of Quaternions,' 
pp. 50-55. 

32°* If we assign any integer values to t^ positive, nega- 
tive, or null, it will be found that 

if Iff zsz 1, ^ is an even multiple of 2 ; 

if » = — 1, )i odd „ „ ; 

if „ = ± >y, „ odd number. 

In symbols, 

the upper or lower signs being taken according as the number t 
(assumed to be a positive, negative, or null integer) is even or 
odd. 

33°. From the preceding considerations we are justified 
in defining, that if p be any vector and t any scalar, 

p' = T'p.IT'pj (1) 

„ = product of a tensor and a versor ; 
„ = a quaternion, 15°. 

From this equation we have at once 

Up' = Up*'* = cos e + sin eVp ; 
Sp* = Sp*'* = Tp^* cos e ; 
Yp* = Vp*^ = Tp''* sin eJJp ; 
TJYT* = UY^^* = ± Up ; 

the upper and lower signs accompanying each other, and n 
being an integer^ positive, negative, or null. 

With regard to the expression for l_p^y it must be borne 
in mind that the amount of rotation from Tjp to Ua, fig. 10, 
admits of being increased or diminished by any whole number 
of circumferences, or of entire revolutions, without altering 
the final direction of Vp. In symbols, 

^cB « ^c(»n. + «) . (_ ^Y _ ^c(»n.-.^ ^ ^ ^ ^3^ 

2iiir ± ^ is the Amplitude, 6 the Angle, of j5^* 



. . (2) 
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In the particular case when ^ = 1, p is the representative 



TT 



of a right quaternion ; aAid since its angle is -, the general 
expression, 



becomes 



p' = Tp'^cos| + Up.sin|) 



34^. It is now clear that amy quaternion may be reduced 
to the form ^ by a suitable choice of the base, p, and of the 
scalar index, t. The conditions are, 



<> o ; < < 2. 



(4) 



Section 4 
A QtuUernion in the form of a Quadrinomial 



35°. Let XY, YZ, ZX, fig. 18, be three rectangular co- 
ordinate planes, and let t, jy k 
be unit- vectors along the three 
axes OX , OY, OZ respectively. 

Let OP = p be any vector ; 
from its term let fall perpen- 
diculars PL', PM', PN', on 
the three planes ; and com- 
plete the rectangular parallelo- 
piped LL'. 

Then T . OL, T . OM, T . ON ''^- ^^• 

are the Cartesian coordinates, a;, y, 2, of P, the term of p. 
Consequently, OL = at, OM = yj, ON = zk ] and the equa- 
tion of OP is. Part I., 37°, 




ps= oci + yj + zk 



(1) 



If the coordinate planes are not rectangular, and if a, P,y 
are unit-vectors along OX, OY, OZ, the equation of OP 
becomes, 

^p = a;a -hy/3-|-2y, (2) 
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where Xy y, z are the Cartesian coordinates of P, referred to 
oblique axes. 

Since a quaternion is the sum of a scalar and a vector ; 
if i^; be a scalar, any quaternion may be represented by an 
equation of the form, 



q ^ w + xi -h yj + zk ; 



(3) 



which, depending as it does upon the values of the four 
scalars, w, a;, y, z, furnishes a new reason for calling the 
complex quantity, g, a quaternion. 
From the last equation, 

q^ = (tv^ _ a;* — y2 _ ^,2^ + 2to (a» + yj + zk) . (4) 



TT 



If /5'=-, t^ = oin equation (3), and 



q = xi + yj + zk, . 
q*=- («» + y» + ««) 



(5) 
(6) 



36°- («). Suppose we have any two vectors, 

a = mjt + ^2^ + m^k, 
P=znii + n^j + njc. 

Multiplying, first a into ^, and then p into a, we have 



a)9 = — (miWi + m^n^ + mgWg) + 



j3a = — (miWi + Watia + wijna) — 



mi, mj, WI3 
w-i, ng, W3 

* , ; , ^ 
m^, ?7i2> ^3 



y. 



(1) 



Hence, we see again that the commutative law of multipli- 
cation does not hold good for vectors.^ 

(6). The multiplication of vectors, however, obeys the 
distributive law. 

Let, a = ?ii 4- I2J -+- IJc^ 

P =s Wii + m^j H- mjc, 
y = r»ii + n^j + njcy 
be any three vectors. 

* This section was written a considerable time before I saw Herr 
Dinner's article on quaternions in the * Matbematiscbe Annalen/ 
vol. xi., for 1877. 
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Then, 

a + p = (li + mi)i + (^2 + mi)j + (^3 + m^)k ; 
and (a), 
(a + P)y= — {(^1 + m,)wi + (^2 + W2)w2 + (^3 + ^3)^*3} 

h + ^1) h + ^2j ^3 + ^3 



+ 



n, 



w< 



n, 



n 



^1, 


fr 2 > 




ni, 


wa, 


^3 


• 


J » 


A; 


m„ 


mj, 


mg 


^1, 


^2> 


W3 



» 



= — (?iWi + ^2^2 + ^3^3) + 



— (miWi + mj^a + m3W3) + 



= ay + Py. 

It can be proved in the same w&j that 

y(a + ^) = ya + y)S. 

Therefore the multiplication of vectors is a doubly distribu- 
tive operation in the case of three vectors. 

(c). The associative law of multiplication also holds good 
for vectors. 

Taking the vectors a, ^, y of (6), we have, 

* > i , k 

hi ^2 > ^3 

mi, m2, m^ 
^ . i > ^ 



a^.y = 



— SZm + 



(rii» + WjJ + njA:) ; 



>i 



n 



Ml ^2 > ^3 

m,, ma, mg 



-1, -A, i 




frl , ^2 , ^3 


+ ^2 


mi , m2,m3 





ky —1, — t 
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+ W3 


Wi, ma , m3 





+ Wi frj , ta > ^3 "l"^2 ^1 > ^2 > ^3 + ^3 ^1 J ^2> *3 

mi, mj, m3 

Expanding the three determinants and rearranging the 
terms of the whole, we get 

a/3 . y = — lxi%mn — l^j^ran — l^k^mn 



+ ^i 



-1. *,-i 




mi , mai ^3 


+ ^2 


^1,^2, ^3 





-^, -1, t 




mi, ma,m3 


+ h 


rii , n-a, ^3 





^ > — », — 1 

mi, ma, mj 
Wj, na, n3 
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a8 , y =s — lii^rrm — l^j^mn — ljG%mn 



+ l\i 






+^2i 



mj, m2, m3 
ni, ^2, W3 



-^IJc 



)> 



(Zii + ^ai + ^8^) • 



— %ifyin + 



mj, mj, wig 
Wj, rij, W3 

(mi, mj, mg 



„ = a . ^7. 

The multiplication of vectors, therefore, is an associative 
operation in the case of three vectors. 

The method by which it has been proved that the distribu- 
tive and associative lavs apply to three vectors can obviously 
be extended to the multiplication of any number of vectors. 

37°. By the aid of the distributive principle we can now 
find the values of 

(a + P)\ (a - p)\ (a + P){p. - )8), aad afi . ^ou 
(a+)5)*=(a+)3)(a+)S)=a2 + a)8+j8a+/?2=aa + 2Sa)8+)82 . (2) 
(a-)8)2=a2-2Sa)8H-)82 (3) 

(a + p)(a^P) = a^-aP + ^a-^ = a2-(a/3-^a) -^2 

= a^ - 2Va)3 - )32 (4) 

a)3 . /?a = (Sa)8 + Va)8)(Sa)3 - Va)8) ; 

= sv-vV (5) 

= (- TaT)8 COS 0)^ - (-TaT)8 sin ^ . c)^ ; 

= TV ' (6) 

By the associative law, 

ayS . )8a = a . /S^a = a • a^S^ (since )8* is a scalar, 24°) j 

„ = a*i8» 

but this last expression is not to be confounded with {a^y, 

38°. If a, j8, y be any three vectors, in general. 






(7) 



For 

and 
But 



a _v av 

i3-'y 5fc y/S-' ; 
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therefore, 


ai3-v =^ ayr ' ; 


or, 


a _^ ay 


If, however, 


y = A 


then, 


"8 = "^: 


for 


^p = ar'^ 


Again, 


y fi yfi 



for 

^ ^= ay-^ yp-^ =-•, 36^ a . y-^ • P" = afi'^ = ^= ^^ • 

But 
therefore, 



and 



)8y ¥ yys ; 

a y .oj^ 

y )8 yj8 



In such an expression as ^ the denominator must be 

yp 

treated as one quaternion ; so that, if we equate the fraction 
to g, we have ay = qy^, 

and q = ayjS'V"^ (I'rof. Tait). 

39°. From equations (1), 36* (a), 

Sa)8 = S^a = — (mifii + m2n2 + m3n3) ; 

» , i , ^, 

+ (miW2 — Wl2^l)^« 

Returning to the simpler form, 

we have at once 

^q^w (1) 

YqzszQci '\- yj •\' zk (2) 
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Also, since (TYq)^ 
TYq 

VYq 

Further, since T^q 

Tq 



s/x' -\-y' + z^ . . . 
= -XSL— xi + yj + zk 

S^^r « VY 37° (5) and (6), 

to + agi + a?/ + g^ 
V w* + x^ + 2/2 + z^ ' 



TYVq=: 



TV, 



Tg' 



w 

s/w'^ + x^ + y^ + 



z' 



x^-^y^ + g2 
+ x^ + y^ + z^ 



(3) 
(4) 

(5) 
(6) 

(8) 
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CHAPTER IV 

EQUALITY AND INEQUALITY OP QUATERNIONS 

40°. (a). Definition, If the tensors and versors, or the 
scalars and vectors, of two quaternions are respectively equal, 
the ttvo quaternions are equal. And the converse. In symbols, 

qf = g, if T^' = Tg, and JJq' = Vq ; 

„ =„ „ Sg' =S^, „ Yq' ^Yq ) • • 

Tg' = Tg,andW = Ug, if q' = g, ;) 
S^'=S^, „ V^' = Vg, „ „ = „ J • • ^^f 

(&). On the equality of the tensors of two such quaternions 

as )8a = Sy, - = -, there is nothing to be said ; the tensors are 

positive numbers obedient to the rules of Arithmetic. 

(c). Definition, Two versors are equals and only equal, if 
the rotations they communicate to the vectors on which they 
operate, in pla/aes perpendicular to themselves, are similar in 
direction and equal in am^ount. And the converse. 

As in the case of vectors, Part I., 7°, the phrase * similar 
directions,' was defined to mean ' parallel directions with the 
same sense ' ; so in the case of versors the phrase is defined 
to mean * in coincident, or parallel, planes towards the same 
hand, as seen from the same side of the two planes.' The 
phrase 'equal in amount' means through angles equal in 
magnitude.' 

This definition may be expressed in symbols as follows : 

Vq = Vq\ \ ... 

li /_^qz=e, JJYq = € ; z.q' = <l>y VYq" = 17 ; (1) becomes, 

(2) 



c*^ = rj'*, 



if =i <t>, and c = 17 
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4 p. If ^rj and vfi are coplanar quaternions, and if ^i; = vfi, 
then, obviously, lyf = ftv, for their tensors and angles are equal, 
and the direction of rotation is the same for both quater- 
nions. 

For the same reasons, if ^ = -, then -^ = ^. 

ay P o 

Further, - = A For, let ^ be made to slide and revolve 
pa a 

in the common plane until its origin coincides with that of 
-, and a and y are coUinear. Then, /3 and 8 will be coUinear, 

y 

^ ^ ^ = ^; or. Part L, 20°,!=^ 



and since - =: 
c a 



a 



a 



42°. Any two quaternions, considered as geometric 
fractions, may be reduced to a common denominator. Let 

the two quaternions be ^r-r in the plane LMQP, and -x-p^ in 

OA UU 

the plane PQSR, fig. 19. Whatever be the planes of the 




Fia. 19. 



quaternions, or however they may be posited in these 
planes, by causing the quaternions to slide about and 
rotate in their own planes (without turning them over), 
they can be made to assume the positions shown in the figure, 
where their origins are coincident, and the divisor vectors are 
collinear, in the line of intersection of the two planes, PQ. 
Let E be any point in that line. Produce OB, and draw 
EF and EG parallel respectively to AB and CD. Then, 

OF ^ OB . OG ^ OD 
OE OA'OE be* 
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Let another vector, OH, be drawn in the plane LMQP, 
making the angle HOE = EOF, and of such a length that 
OF : OE :: OE : OH. Then we have, 

OE ^ OF ^ OB . 

OH OE OA' 
and, therefore, 

OD OB OG . OF OG±OF n\ 

- ; . . . (1) 



00 -^ OA OE - OE OE ' 
OD . OB ^ OG OE ^ OG . 
OC • OA OE * OF OF ' • * • 
OD OB_OG OF_OG OE ^ OG 
00 • OA OE ' OE OEOH OH 



. (2) 
• (3) 



Any two quaternions, then, such as -^-r and -^ may be 

reduced to the form —=^ and ^r^,, or to the form 7^= and r-=^ 

UJci Olli Old OJb, 

without undergoing any change in value. 

43°* It follows that no two diplanar quaternions can be 

1 Tj, OB OD rru OF OG , 

equal. For suppose — = -~. Then q^ = q^. and conse - 

quently OF = OG, which is contrary to definition, since the 
two vectors have not similar directions. 

Conversely, if two quaternions are equal, they are 
coplanar. 

44°. If q and q^ are equal quaternions, so that 

S^ + V^ = S^' + Yq' ; 
then, by definition, 

S^ = Sg', and V^ = Yq'. 

More generally, if an equation involves any number of 
scalar and vector quantities, the sums of the scalars and of 
the vectors on either side are respectively equal. For 
example, let 

X + ma -^ np=zy + z + ty. 
Then, ma + 71^:= (say) /8, 

and x + Z8 = (y + «) + ty. 

But (re + IS) and {(y + «) + ty} are quaternions, 20°. 
Therefore, 40°, 

S (a; + IS), or S (a + ma + nfi) = S {{y + z) + ty], 

Y(x + ma + nP) = Y {{y + 2) + ty} ; 
therefore, x^^y + z ', mo + nyS = <y. 

p 
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CHAPTER V 

THE VARIOUS KINDS OP QUATERNIONS 

45°. CoUinear Quaternions. 

Quaternions whose planes intersect in, or are pa/rallel to, a 
cortin/ton line are said to he CoUinear, For example, the 

quaternions OB . OA and OD . 00, fig. 19, 42°, are 

coUinear ; and OL . ON, OM . ON, fig. 18, 35**, are also 
collinear, whatever be the angles YZ, ZX, ZY. 

Since the versors of collinears are each perpendicular to 
the common vector, it follows that if q, q', q", &c., be collinear, 
Ug, \Jq\ ^q", &c., are coplanar ; and the converse. 

Coplanar quaternions are always collinear (or can be made 
so by sliding and rotation in the plane), but the converse is 
not true. Collinears are not always coplanar. 

46°. Reciprocal Quaternions. 

The Reciprocal of a qua^ternion in the form of a fraxition is 
obtained by interchanging its divisor and dividmd vectors. 

Thus, ^ is the reciprocal of ^. 
a p 

Since 1 : ^ = ^, P (i\ and ^ ^ = - = 1, it foUows that 
pa p a a 

either of two reciprocals is equal to unity divided by the 

other, and that the product of the two is positive unity. In 

symbols, if q and q' be reciprocal, 

qq^=zq'qz=l=:q'^q=zqq-K j 

Reciprocal quaternions have, obviously, a common plane 
and angle, reciprocal tensors, and opposite axes — rotation 
from ato j^ being contrary to rotation from )8 to a ; or. 



UVy-i = -UVy = 



VYq 



(2) 
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Hence, if 

then, 

^-i=^ = T^(cos6-€sintf) = T^.(-€y^ = T^.€-«* ..(3) 
a a a a 

The versors of reciprocals are reciprocal, c** and €~** being 
reciprocal, 

U- = U^-i = =j-, and Vq-^Vq = U^U^-^ = 1; . . (4) 

or, the versor of the reciprocal is equal to the reciprocal of 
the versor. 

47**. Opposite Quaternions. 

If cmy two opposite vectorsy fi and — )8, be divided by any 
one common vector, a, the ttvo wnequail qtwtients thus foinned, 

" and ^^-^y are called opposite quaternions. Accordingly, — q 
a a 

is the opposite of q. 
Since, 1° (i), 

a a a a 

and 

a a a P fi 

the sum of any two opposite quaternions is zero, and their 
quotient is negative unity, 

-(y + g = o;-f- = -l . . (1) 

Opposite quaternions, ^g. 20, have a com- //£ 

mon plane, equal tensors, supplementary / ^ 

angles, and opposite axes, ">^^ 

T(-g) = T^; Z(-(?) = ^-Z^;) B': 

UV(- g) = - UV^ = --L.. [• • (2) JIG. JO. 

VYq ) 

Hence, if g = | = T| (cos tf + c sin ^) = T| . €<=*, 

then, 

-g = :^=T^[co3(T-<>)-.8m(*-«)|=T^. «-«'-'.. (3) 

F 2 
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48°. Let OA, OB, fig. 21, be any two vectors. From 
draw OB' = OB in the plane AOB, making L AOB' =^Z. AOB ; 
and draw BB', cutting OA produced in A'. Let OB' = p, 

(a). The uneqtud qitotients, " cmd ^, are called Conjugate 
^ ' a a 

Quatemiona^ and if ^ = q,^=: K^, read * conjugate of q.' 

a a 

Conjugate quaternions have a common plane, equal angles 
and tensors, and opposite axes : 

Hence, if g = ^ = T| (cos ^ + c sin tf) = T^ . e\ 

then, K^ = K^ = T|(cos^-€sin^) = T|.€-^. . (2) 

The versors of conjugates are reciprocal, since ^ and c "^ 
are reciprocal, and the product of the versors is positive 
unity : 



VKq = — = U- ; 
Ug q' 



(3) 



VKq .Vq = Vq, VKq = Ij 

From the foregoing it is evident that afi and fia are con- 
jugate quaternions. 

(b). Since a/S = Ta^S (- cos ^ - c sin ^), 
and Kay3 = )8a = TySa(- cos^ + €sin^), 

we evidently have 

SK^ = Sq ) . . 

VK^=-VgJ v*^ 

Hence, we have as general expressions for a quaternion 
and its conjugate, 

q=^q + Yq, 

Kq = Sq --Yq ; 

whence, 

q + Kq^2Sq, (7) 

q^Kq = 2Yq (8) 

(c). If Z.q = o, Yq vanishes in (5), q degrades to a 
positive scalar, say x, and (6) becomes 

Kx = x (9) 
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Similarly, if ^q^nr, q in (5) degrades to a negative 
scalar, say — x, and (6) becomes 

K(-aj) = -a: (10) 

If / g = -, S vanishes in (5), q degrades to a positive 

u q *■ 

vector, say y, and (6) becomes 

K:r=-y (11) 

Since, 47° (3), 

(-<?)=- S? - Vg, (12) 

K(-?)=-S? + V? (13) 

If, therefore, /.^ = -, — Sg^ vanishes in (12), — q 
degrades to a negative vector, say — y, and (13) becomes 

K(-r) = y (14) 

From (9), (10), (11), and (14), it is clear that, 

(1) The conjugate of a scalar is the scalar itself ; 

(2) „ „ „ vector is its opposite : 

K(±a;) = ±a;; K(±8)=4=8 . . .(15) 

(d). By adding and subtracting equations (5) and (6), it 
is seen that while the sum of a quaternion and its conjugate 
is a scalar, their difference is a vector. 

(e). The most important formulae of the last three sections 
are collected here for facility of reference : 

Quaiernion = g = ^ = =j^ (cos ^ + c sin ^) , = T^ . c^ . . (j) 
Reciprocal = g-> = ^=^ (cos ^ - c sin 6) = T^ . €-«* . . (l) 



a Ta ' a 

a 
fi ~Ti3 



Ojfposite^-q-"''-'^'^^ — '- -^ "--'" o^) ^Ta __,,,., 



cos(ir-e)-€sin(»-e)l -?^ . €-«(»-*>. . (M) 
i J ^P 

Conjugate = K^ = K| = ^(cos ^ - csin ^) = T| . c"^. . (n) 

49°* Miscellaneous Theorems. 

(a). The reciprocal of the reciprocal, the opposite of the 
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opposite, or the conjugate of the conjugate, of a quaternion is 
the quaternion itself : 

(6). Let rj be any versor. Then, since 

K(,,) = - ,, K(,-) = (- r,r= r" ; 

or, the conjugate of the versor of any quaternion is equal to 
versor of the conjugate (n). Hence^ 

KU^ = UK^ = U- = X 460 (4) . . (1) 

q Vq 

Since TKq = T^, and UK^r = 1 : JJq, we have 

q=:Tq.JJq;Kqz=Tq:Vq; . . . . (2) 
whence, by multiplication and division, 

qKq = T^q; q:Kq=zV^q (3) 

^^' a~Ta*U)8~ Ta ' -U)8~ Ta ' T^ "^"^ ' '^ ^ 
Hence, 

Kay3 = y3a = -^, = K-^i .... (5) 

(d). The conjugates of opposite quaternions are themselves 
opposite ; or, 

K(-q)=^Kq; 

an equation which is a particular case of a more general 
formula, 

Kxq = xKq^ (6) 

where x is any scalar. 

This may be proved by supposing that the vectors 

OB, OB', fig. 21, are multiplied by any common scalar ; or, 
that both are cut by any parallel to the line BB'. 

(e). The conjugates of reciprocals are reciprocal ; or. 

For, suppose the two triangles AOB, AOB', fig. 21, to 
revolve inwards round in the plane B'OB until the points 
B, B', coincide in D, a point in the line OA produced. Then 
FOD and EOD represent respectively the two triangles after 
the revolution. From B and B' draw lines parallel to £D 



THE VAEIOUS KINDS OF QUATEENIONS 71 

and FD, cutting OD produced in C ; circumscribe a circle to 
the triangle ABC ; and with O as centre and OB as radius 
describe the circle BDB'. 




FlO. 21. 

Letg = ;^. Then 
OA 

IT 1 _ K OA _;^ OF _^ OB' _ OB ,,^„ , .. _ OE 

^^ = ^OB-^OD-^OC-OC^^® <"'^-0D 

_ OA _ , . OB' _ J_ ,„> 

~6B'~ OA~Kg ^ ' 



{/). If we are given such an equation as 

a a y p 

we can infer — first, that a, /S, y are coinitial and coplanar ; 
secondly, that Ty =: T/8 ; and thirdly, that a bisects the angle 
between j3 and y, or, that a (produced either way if necessary) 
bisects the join of the terms of jB and y at right angles ; or, 
again, since the angles of incidence and reflexion of a ray of 
light are equal, that the ray y is the reflexion of the ray — ^ 
(O being supposed to be a point on a plane mirror whose sur- 
face is perpendicular to a). 

(g). Since Zl OB A = Z. OB'A = Z ODE = z. OCB, 
^g, 21, it follows — first, that AB and BC are antiparallel, 
or that the triangles AOB and COB are inversely similar (the 
triangles DOE and COB are directly similar) ; and, secondly, 
that OB is a tangent to the circle ABC at the point B. Hence, 
the circles BDB' and ABC are orthogonal, because a tangent 
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to BDB' at B would be perpendicular to OB, which is a 
tangent to ABC. 
(h). Again, 

OA : OB :: OB : 00. 

Therefore, OB or OD is a mean proportional between 00 
and OA, and C and A are inverse points with respect to the 
circle BDB'. If, therefore, 

. OD = t?OA = t;a, 
where v is a scalar > o ; then, 

OA OA 

Consequently, the equation, 

OC_^OB .^v 

OB'--^OA'<^^ 
may be written, 

T'^l' W 

an equation which expresses that AB and BC are antiparallel, 
or that the triangles AOB and COB are inversely similar, but 
expresses nothing more. Now, in order that this rela tion 

should hold good, it is only necessary ei ther that (1) T . OB 
should be a geometric mean between T . OA and T . OC ; or, 
that (2) T . OB = T . OD. If, then, ^, A, J), C be fixed 
points, while B is a variable point and OB = OP ^ p, it is 
evident that the locus of P is the surface of a sphere with 

centre O and radius T . OD = vTa. Equation (8) then 
becomes 



v^a 



= K^;or,^Ke = v2 (9) 

p a a a 

(i). If, then, we meet with an equation of this form, we 
can infer that the locus of P is the surface of a sphere with 
centre O and radius -yTa. Further, if we take a point C such 

that OC s= v^a, the sphere will be a common orthogonal to all 
the circles APC that pass through the fixed points A and C ; 
because every radius of the sphere is a tangent, at the variable 
point P, to the circle APC, AP and PC being antiparallel. 
(j). Since 
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and the first equation of (9) becomes 

a p a 

T2P . T- U- = TK ^ UK ^ = T ^ KU^, (b) (1) ; 
a p p a a a a 

or, U- = KU^. 

p a 

(k). Since, &g, 21, 

BC_BC_OB^OD^v 

AB ED OA OA 1' 

we have 

OB = OP = vOA ; BC = vAB, . . . (10) 

From the first equation we have at once, 

T|0 = i;Ta (11) 

From the second, 

T(p-t?2a) = 'yT(p-a) (12) 

Since, 

AB = p - a, and T(BC) = T(- BC) = T(CB) = T(OB - OC). 

(I), Article (h) contains the solution of the problem of 
Apollonius of Perga : given any two points, C and A, in a 
plane, and a ratio of inequality, 1 : v ; to construct a circle 
BDB' in the plane such that the lengths of the two straight 
lines AB and CB, or AP and CP, which are inflected from the 
two given points to any common point, B or P, of its circum- 
ference, shall be to each other in the given ratio. 

Cut AC externally at O in the duplicate of the given ratio 
of sides, so as to have OC = v^OA. Take OD, a geometric 
mean, to OA, OC ; and, with O as centre and OD as radius, 
describe a circle. This is the locus of all points for which 

CP == vAP. 

Paragraphs (e) to (I) are chiefly from Sir W. R. Hamil- 
ton's * Elements/ 
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CHAPTER VI 

THE POWERS OP QUATERNIONS 

50^ Let q=.p\ Lq^By and UV^ = c. Then, by 33° 
(2), we have U*/o = e', and 

q^ = {p'Y = (T'p . WpY = (Tg . €*)" = T»^ . €"* = T»g . €"»*, 
^''^ = T"^ (cos n^ + c sin w^) (1) 

From this equation we have at once, 
T$'" = T"g ; XJ^« = €^ = (c*''')'* = U"^' ; Z^" = nZ.<? ; 
S^** = T»g . cos nO ; Yg« = T"^ . sin n^ . c. 

5r. If w = 2, 

g2 = T2g (cos 2^ + € sin 2(9) ... . (3) 

As this is the only power of a quaternion with which we 
wiU have to do in the following pages, it is desirable to inquire 
particularly into its nature. 

The first question that arises is, has q^ two square roots 

like an ordinary 
algebraic quantity ? 

Let OA, CfB, fig. 
22(1) and (2), be the 
unit-vectors of any 
two vectors a and /3, 
inclined to each other 
at an acute angle c^ 
in (1), and at an 
obtuse angle x in (2). 
Draw OC making Z CO A = <^ in (1), and = ;( in (2) ; and 
produce AO to meet the circle in A'. Then, if 

OA' 







OB 



Since c^ = Y^q . U^^', if q'^ has two square roots, either 
T^g or '\}\ must have two square roots. But as ^q is always 
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positive, T^^ can have only one square root, namely + T^'. 
If, therefore, q^ has two square roots, U'^' must have two 
square roots. What is V^q 1 
Since 

TT OC OA 



U*g = 



OA OB' 

00 OA^OC 
OA OB OB* 



OC 
Now, p-:^ has two geometric square roots. For, first, 

OB 

00 ^00 OA^OA OA^/OAy 
OB OA 'OB OB • OB VOBJ * 



'^OA' OA/ ^ /OA/y^ / OAy 

OB • OB VoB/ V ob; • 



Secondly, 

OC^OC OA 
OB OA' * OB 

Therefore, 

V OB - OB ^ 

Therefore, q^ has two square roots ; or, 

^~q^ ^ ±q = Tq.Vq or llq{^ Ug), 

^whatever be the form of q. 

Were the angle of a quaternion unlimited in magnitude, 
either of these real and unequal square roots might be used at 
will in calculation. But as the angle is defined to lie between 
the limits o and tt, we must discriminate between them, and 
select as the square root (or the principal square root) of the 
quaternion, q'^^ that one of the two which enables us to con- 
fine the angle of q^ within the prescribed limits. U Lq 

is acute, ^g. 22 (1), Z.(— 9'){=^— Z^, 47°] is obtuse ', 

— g, therefore, cannot be regarded as the square root of q^ ; 

for, were it so, Z.^'^ (= 2 Z(— g) ) would be > tr. In this 

case, consequently, >s/q^ :ss + g. For a- similar reason, if 

/L q\a obtuse, ^g, 22 (2), n/^^ = — q. 

That one, therefore, of the two opposite quaternions, 
q and — q, whose angle is acute is the square root of q^. 



TT \ 



h-W 
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In symbols, 

/ig2=2(7r-Zg);UV^2^-UVg;g2=T2^ . (-c)^^— x); 

If Z. 9' is o or ^, U V^ is indeterminate. 

If L g=|, W= €=^'» and ^^^^T^g . €±2=-(TV), a scalar. 

Ifg«=~l,wehaveg£.g| = g^=.i; 



or, OC = — OB. 



Therefore, T . 00 = T . OB, and U . OC = — U . OB, 
whatever be the length of the radii of the circles, fig. 22. 



TT 



Consequently, z 5^2 — ^ . ^ ^ _ 1 ^ ^2 — _^ (4) . 

or, ^ is a right quaternion whose constituent vectors are of 
equal length. 

By (3), 

SU^2 = cos 2 il ^ = 2 cos2 z. g — 1 = 2 SU^g — 1, . . (6) 
where SU^g represents (SUg)^. 

Sg2 = Tg2 SU^2 ^ T2g (2 SU^g - 1) = 2 T2g SU^g - T^g 

= 2S2^-T2g (6) 

Again, 

Sg2 4. Y^a = ^2 ^ (S^ + Nqf = S^g + 2 SgVg + V^^. 
Therefore, equating the scalar and vector parts, 44°, 

Te> = T«g = q^q = (% + V?) (Sy - V?) = S V - V Y . . (8) 
FintJly, if we meet with an equation of the form 

8_ /y 

we know that 8 bisects the angle between ^ and y. 
This equation may be written, 

8» = yA (9) 

where 8 is called the Mean Proportional between y8 and y. 
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CHAPTER YII 

ADDITION AND SUBTRACTION OF QUATERNIONS 

52°. The sum or difference of any two quaternions is a 
quaternion. For q ± q' = {Sq ± Bq') + (V^' ± V^') = the 
sum of a Scalar and Vector = a quaternion. Since this 
process can be carried on to any extent with the same result, 
we may conclude that the sum, or difference, of any number 
of quaternions is a quaternion. 

In symbols, if 2g = (^i + 3^2 + • • • S'n)> 
and Ag = (gi - ga — . . . q„) ; 

2g = a quaternion, | /^ . 

Ag=„ „ J ^'^ 

The commutative and associative laws of addition and 
subtraction apply to quaternions. 

For the sum or difference of n quaternions is the sum or 
difference of n scalars and n vectors ; and it has been already 
shown, Part I., 20°, that the subtraction and addition of 
vectors are associative and commutative operations. There- 
fore 4&C. 

53°* I^t the quaternion Q be the sum of n quaternions, 

^1 = S^i + V^i, 
q2 = ^2 + "^^2, 



9n = S^n + Vgn» 

Then, 

Q=(Sgi+Sg2+ . . . Ssr„) + (Vgi+Vg2 + . . . Vgn)=SSg+SVg; 
But 

Q = SQ + VQ = S(gi + 5'2+. . . qn)+y{qi + q2+' • • qn); 
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Therefore, 44°, 

(Sg'i + s^2 + . . . s^„) = ^(qi + q2 + * ' ' qn); 

(Yqi + V^'a + . . . yqn) ="^ (S'l + g'a + . . . ?n) ; 

or, 5Sg = S2^ ; SVg = V2^ (1) 

Similarly, ASg = SAg ; AYq = VAg (2) 

In words, S and V are distributive symbols. 

Taking the conjugates of the constituent quaternions above, 

K^i = S^i - V^^i, 
Kq^ = S^2 - yq2y 

we have 

2K^=SSg-5V^=SSg-VS^=SQ-VQ=KQ=K2^. . (3) 
Similarly, AKg = KAg (4) 

Therefore, K is a distributive symbol. 
Also, since 

KS^ = Sg = SK^, (5) 

and KV^=-V^ = VK^, .... (6) 

it follows that K is commutative with S and V. 

54°. iJet any two qua- 
\ temions, 5'i= -, q2 = -,he 

C^'-'' / '\ reduced to a co mmon de- 

\^ nom inator, OA, fig. 23, 

OA not lying in the plane 

OBC, but being drawn 

towards us from O. Let 

-. the reduced quaternions be 

— — and or l_ and ?.. 

. OA OA a a 

Complete the parallelo- 

 '_ gram OCDB ; draw the 

diagonals CB and OD = 8 ; and draw, 

OF = CB = CO + OB = ^-y. 
Then, 

\ a a/ a a 1 . U A 

T^ j.T^ _T^ . Ty_M+T7_T^0B+T.0C T.OB+T.BD 
^3^1 + ^^2-1^ + 1^ ^r^ T^-^ T.OA ' 
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Consequently, 

Tgi + T^2 = T (qi + ^2), if, T . OB + T . BD = T . OD. 

But T . OB + T . BD > T . OD, EucUd I., 20. 

Therefore, T^^i ■\-Tq^>T (q^ + ^2)- 

Let q^ + ^2 = ^9 *^^ 1®* 5^3 ^ ^^7 ^^^ quaternion. 
Then, similarly, 

Tw + Tq^>T(w + q^) = T(gi + ^2 + ^3)- 
But T^'i + T^'a > Tw?. 
Therefore, a fortiori, 

T^^i + T^2 + T^3 > T((?i + ^2 + ^3). 

As this process may be carried on to any extent with 
similar results, we may infer that, generally, 

T2^ 51^ STg (1) 

It may be similarly proved that 

TA^^^AT^ (2) 

If zl BOC=o, that is, if Uy = U^; then T^^+^Wt^H- T^. 

\a a/ a a 

\a a/ a a 

In general, if the quaternions, q^ q^ . . . q^y bear scalar 
and positive ratios to each other, i.6., if they are coplanar, 
with versors similarly directed ; then, T%q = %Tq, 

55^- In fig* 23, let the angles 
AOB=<^, AOC=x, AOD=^, BOD=<ri, DOC = 0-2, BOC=<r. 
Then, for the three trihedral angles, 

- BAD, O - CDA, O - CBA, 
</> + 0-, > ^, 

or, (</» + x) + o- > 2^ ; 

and <^ + X > ^* 

Therefore, 2 (<^ + x) + ^r > 2^ + (t, 

and ^ + X> ^ '> 

or, Z^i +Z. q2> L(qx -¥ q^). 
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If q^ be any other quaternion, it may be proved in a 
similar way that 

^ i^i +q2)+^9z^^ (^i + ^a + 93)' 
But Z^i +/Lq2>A{qi +92); 

therefore, a/ortioriy 

z.qi + jLq2-\- /qz> ^ {q\ +q2 + qs)- 

As this process may be carried on to any extent with 
similar results, we may infer that 

sz?#z.% (1) 

It may be similarly proved that 

^ Lqi^ L ^q (2) 

56°. Let / BOC = e, ^g, 23. Then, 
OD _ OB . 00 _ ^ . ^, 

and T (^ + g') U (y + ^') = TgUg + T^'U^'. 

If, therefore, U (g + q') = J5q + Ug', we must have 

or, OD = OB = 00. 

Let OB = 00, and we have 

0D2 = 20B2 (1 + cos e\ 

and OD = 20B . cos f . 

2 



In order, therefore, that OD = OB, we must have 

cos^ = i; or, 6^= 120^ 



Evidently, then, 

only when T, = T,', and Z ^ = BOC = % i.e., in a special 

case. In general, therefore, 

^{q-i'q')^'Uq + Vq'. 

More generally still, 

USg^SUg (1) 

Similarly, 

AVqj^V/Hq (2) 

The result of 53^ to 66° is, that the symbols S, V, and K 
are, while T, ^ , and U are not, distributive in the addition 
and subtraction of quaternions. 
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CHAPTER VIII 
multiplication and division of two quaternions 

Section 1 
Diplanar Qtoaternions 

57°- Before proceeding further it is necessary to explain 
the meaning of certain forms of expression that will be met 
with in the present and succeeding chapters. S^i^2 uaeans the 
scalar of 'the product qiQi* Similarly, Kgj^j means the conju- 
gate of the product qigz^ It does not mean the conjugate of 
qy multiplied into ^2> which will be written K^j . ^g) <5r, 
Kg' 1(^2)) or (Kqi)q2> And so on for the other symbols. 

Points and brackets should never be omitted if their 
omission is likely to lead to any misapprehension. 

The product of any two quaternions is a quaternion, 

For, let the quaternions be thrown into the form , 

a 3 

p y 

Then, g 16/2 = ^ •==- = ^ Quaternion . . (1) 

The quotient of any two quaternions is a quaternion. 
For, let the two quaternions be reduced to the form, 

O" T 

Then, ?i = ^ : ^ = ^ .-=T=:a quaternion . , (2) 
q2 A. \ A T T ^ 

58°- The tensor of the quotient (or product) of any two 
quaternions is equal to the qyotient (or product) of the tensors 
of the two quaternions. 

G 
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For, let the two quaternions, reduced to a common 
denominator, be 

a a 

Then, 

q^" P Tfi Ta • T^ Ta ' Ta Tq/ ' ^ ^ 
Again, if the two quaternions be reduced to the forms, 

7 a 

Then, ^ ^ 

T^i^2=Tg, |) = T|=g=g . '^=Tq,Tq,=Tq,Tq,. .(2) 

Equation (2) embodies Euler's theorem, that the sum 
of four squares may be * resolved into two factors, each of 
which is the sum of four squares. 

For the tensors of the quaternions ^^j, q.2, may, 39° (5), 
be thrown into the form, 

and ^/w2- + »2^ + ^2* + «2^ 

respectively ; and the product, gi^2> is some quaternion, say, 

W + Xt + Y; + Zk, 

whose tensor is n/W^'T'XM^^^Z^. 
Hence, by squaring the equation, 

we have at once 

59°. The versor of the product (or quotient) of Qny two 
quaternions is equal to the product (or quotient) of the versors 
of the two quaternions. 

For, let 2 =^ 9x^2- 

Then ' TqVq = "^qxTqc^Uq^Vq^, 

But Tq = Tq,q^ = Tgr^T^,, 

and U^ = TSqiq^ ', 

therefore, T5',T<72U^i9'2 = T^iT^2^5'i"U"5'2 ; 

or, ^q\q2 = ^qi^qr I 

Similarly, U^-i = ^^ I (1) 



q2 



vq; j 
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60°. Let gr (= Sgr + Vq) and r (?= Sr + Vr) be any two 
quaternions. 

Then, qr = SqSr + ^rYq + SgVr + YqYr, 
rq =• SrSq + SrV^ + SqYr + Vr Vg ; 
or, resolving the quaternions YqYr and YrYq, 
qr = (S^Sr + S . V^Vr) + (SrYq + SgVr + V . V^Vr)..(l) 
rq = (SrSg -h S . VrV^) + {SrYq + S^Vr + V . YrYq),. (2) 

Since the right hand member of both of these two equa- 
tions is the sum of a scalar and a vector, we have a fresh 
proof that the product of any two quaternions is a quaternion. 

(a). From (1) and (2) we have 

Sqr = SgSr + S . YqYr, 
Srq = SrSg -f S . YrYq, 

Now, obviously, 

SrSq = S^Sr ; 
and, 22° (1), S . YrYq = S . YqYr ; 

therefore, Srq =: Sqr (3\ 

S^r ^ S^Sr 
unless S . YqYr = o, 

t.e. unless the planes of the two quaternions are at right 
angles. 

(6). From (1) and (2) we also have 

Yqr = SrYq + SqYr + V . V^Vr, 
Yrq = SrYq + SqYr + V . YrYq, 

But, 22° (2), 

V . YrYq = — V . YqYr. 

Therefore, 

Vgr = SrYq + SgVr + V . YqYr,) ,,, 

Vr^ = SrYq + SqYr - V . YqYr. J • • V^) 

Therefore, Yqr ^ Vr^', (5) 

unless, V . YqYr = o, 

i.e, unless the quaternions are coplanar. 

Hence, in general, 

qr^rq (G) 

Adding and subtracting the equations of (4), 

Yqr + Yrq = 2 {SrYq + S^ Vr) ] 

Ygr — Vr^ = 2 V . YqYr j • • • lO 

G 2 
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61**. (a). Sqr = Tqr . SVqr, 

Brq = Trq . STJrg. 

But 8qr = Srq ; Tqr = Trq ; 

therefore, SUqr = SUr^r, 

and Z. qr= Z. rq *..(!) 

(6). Further, since Sqr j^ SqSr ; 

Tqr . SVqr ^ T^TrSU^SUr, 
and SUgr^SU^SUr (2) 

62^ (a). From (1) of 60^ 
Xqr = (SqSr + S . YqYr) - (SrVy + S^Vr + V . YqYr) 
„ = S^Sr - SrYq - S^Vr + (S . VrV^ + V . YrYq) 
„ =S^Sr- SrVg —^Yr + YrYq 
„ = (Sr - Yr) (Sg -Vg) 

,, =KrKg (1) 

(b). Let ^r = «. Then, 48° (6), (7), 

s + Ks = 2 S« ; 
^r + K^r = 2 S^r = 2 (S^Sr + S . YqYr) ... (2) 

(c). S . qKr = S . (S^ + Vg) (Sr— Vr)=S^Sr— S . YqYr ; 
S(K^ . r)= S . (Sg - Yq) (Sr + Vr)=S^Sr- S . YqYr ; 

therefore, S . qKr = S(Kg . r) (3) 

63°. {a). Since qr ^ rq, 60° (6), it follows that the 
multiplication of diplanar quaternions does not obey the 
commutative law. 

(6). The distributive law applies to the multiplication of 
quaternions. For, if we take four quaternions, jr>, q^ r, s, in 
the quadrinomial form, 35°, it will be found by actual multi- 
plication that 

(p + g) (^ + s) ^= pr + qr-\-p8 + qs = pr+ps-^qr + qs = &c. 

The distributive law, therefore, applies to four quaternions. 

(c). If we actually multiply the jiroduct pq into r, the 
result will be found to be equal to the result of multiplying p 
into the product qr. The associative law, therefore, applies 
to three quaternions. 

It may be similarly shown that the multiplication of any 
number of quaternions is distributive and associative. 
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Section 2 
Coplanar Quaternions 

64**. The multiplication of diplanar quaternions is not 
commutative : the multiplication of coplanar quaternions is 
commutative. 

For, if two quaternions, q and r, are coplanar, V^ and Vr are 
parallel ; and, consequently, V . YqYr = o = V . YrYq, 23°. 

Therefore the two equations of 60° (4) are equal, and 

qr = rq. 

65°. Hence, any quaternion, its reciprocal, its opposite, its 
conjugate, and any power of the quaternion, all of which are 
coplanar, are commutative ; or, 

qK-q = Kg . q ; q~^ (— 3') = — 2' • 9~^ l Kg . g"= g"Kg, &c., &c. 

Section 3 
Right Quaternions 

66°. Let i?i, t?2 be any two right quaternions, with axes 
€ and ri respectively. Then, 

S^i = o 'y Vt?i = t?i ; Ut?i = Aaj . Vj = c ; 
Ki?! = KVvi = — Vvi =s — Vi ; 

with corresponding values for v^^ 

Consequently, equations (1) and (2) of 60° become, 

Vji?2=S . Vi?iVi?2+V. VviVi;2=SviV2 + ^^i^2 U /i\ 

v.^,=^^.Yv,Yv^ + Y .Yv^Yv^^^v^v^-^Yv.v^,] ' ' ' ^^f 

Adding and subtracting, 

St7iV2 = i (^1^2 + ^2^l), 1 (0) 

Again, 62" (a), 

K2?it?2 = KV2K1;, = (— i?2) (- 1?i) = ^2^1 . . (3) 

67°. Suppose the plane of i?i to be at right angles to the 
plane of Vg, and the direction of rotation to be such that 

Vi = Tv, . t ; V2 = Ti?2 . j. 

Then, ViV2=^ Tv^Tv^ .ij = TviTv^ , k,, . . . (1) 

v^vi = Tv^/Iv^ ,ji = - TviTi?2 . A- . . . (2) 

Therefore, v^v^ = — ^1^2 ; (3) 

and Z. ^2^1 = Z. Vii?2 = ^» 25°, and (1) and (2). 
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Further, the versors of ViV^ and VjV, (k and — k) are 
perpendicular to the versors of both Tj and Vj (^ s^ndj) ; or, 
the plane of tJi^a (and consequently the plane of its opposite, 
r.,t7,, or — V1V2) is perpendicular to the plane of t?, and to the 
plane of V2. 

Hence, the product of any two right quaternions in 
rectangular planes is a third right quaternion (viV^) in a 
plane rectangular to both, which is changed to its own 
opposite (— Vit?2) ^y reversing the order of the factors 
(Hamilton). In symbols, 

Vt;it72 = Vt7iVtr2. 

Section 4 
On Circular Vector- Arcs 

Q6°' Let O be the centre of a sphere of unit-radius. 

Then any arc AB of any great circle of the sphere may be 

OR 
regarded as the representative of the versor — — . For the 

OA 
plane of the versor is the plane of the arc ; the angle of the 
vorsor is measured by the length of the arc ; and the direction 
of rotation is indicated by the direction in which the arc AB 
is drawn — from A to B, fig. 24. 

Definition. — Two vector-arcs a/re equals and only equals 
when the origin and tenn of the first can he brought to coincide 
sinndto/neously with the origin and term of the second, by 
sHding the first backwards or forwards on its own great circle. 

Thus, if on sliding (either way) the 
arc AB round the great circle of a 
unit-sphere, shown in ^g. 24, the 
point B coincides with D when A 
coincides with C ; then, 




AB = CD. 

Two consequences follow from this 
definition. First, no two vector-arcs 
of the same great circle are equal, 
unless the direction of both, as seen 
from either pole of the common great 
circle, is towards the same hand. 
Secondly, whatever their length, no two vector-arcs of 
different great circles can be equal, except in one particular 
case. This case occurs wlien both the arcs are great semi- 




Fia. 25. 
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circles. All great semicircles are equal vector-arcs, since they 

OA 
all represent versors of the form -^ = _ 1, and the plaae 

of — 1 is indeterminate. 

69°. Let any two arcs, C'C and AA', of ditferent great 
circles bisect each other in B, fig. 25. 
Join A and C, C and A', by arcs of 
great circles, and let the versors of any 
two quaternions, reduced to the form A* 

^ = ^,^' = ^.be 

a p 

f^ OB 'jT^ TT t OC <r>. 

^^ = oa = ^^^^^=6b=^^- 

Then, 

^ * OB OA OA ^ ' 

where BC is said to be added to AB. 
Similarly, 

^^^^ -OA- OB-OB • OC-OC'-^^-^^'^^^-^^^ 

The multiplication of versors is thus reduced to the addition 
of circular vector arcs. 

70°. Unlike the addition of rectilinear vectors, and of 
quaternions, the addition of diplanar vector-arcs is not 
commutative ; 

BC + AB 51^ AB + BC. 

For SCH-AB = AC;and AB + Sc =:6a' + aB=C^'. 

But AC ^ C'A', although the two arcs are of equal length. 

For, if C'C and A A' are both less than great semicircles (as 
shown in fig. 25), or if one of the two is a semicircle and the 

other less than a semicircle, in both cases AC and C A' belong 
to two distinct great circles, and are therefore unequal by 

definition. Were C C and A A' both semicircles, AC and 
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C'A' would both belong to the same great circle, of which B 
would be a pole ; but they would have contrary directions, 
and would therefore be unequal by definition. In every case, 

therefore, AC ^ C'A', and, consequently, 

AB + BC9^BC + AB; 
or, the addition of diplanar vector-arcs is not commutative. 

71°. We now see why (in general) 

q'q ^ qq', 60« (6). 
For C^' j^ AC ; 

therefore, TJqUq' 96 JJq'JJq ; therefore, qq' ^ q'q. 

We also see why ^ qq' = Lq'qy 6P (1). 

For Z "^qq' = L {^q^q') = Z §§' = ^ C OA' ^ 

z W^ = ^ {^q'^q) = z: §5 = /I aoc. 

But Z. C'OA' = z AOC, because (5a' and AC are equally 
long. Therefore, Z. ^qq' = L ^q'q ] or, 

Lqq! ^ L q'q. 

72®. The addition of coplanar vector-arcs, however, is 
commutative ; for, evidently, fig. 25, 

BC + C^ = C^ = C^4-Ba. . . . (1) 

These equations show that the multiplication of coplanar 
quaternions is commutative, since they are equivalent to 

OC OB ^OB OC . 

OB • 00' OC • OB ' ^-^^ 

or, X)q' . Vq = IT<^ . U^'. 

Hence, qq' = q'q^ 

a confirmation of 6tl:°. 
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73°' For the same reason that AB represents the versor 

^ ^ , B A represents the versor — _ . But, if 
OA OB 

oi = ^*' ot = ur ""h ''^^' ''° ^'^- 

Hence, if a vector-aic represents the versor of any quater- 
nion, the revector-arc (or the arc reversed) represents the 
versor of the reciprocal, or of the conjugate, of the quater- 
nion. Consequently, ^g. 25, 

CA represents U- == VKq'q ; 

q q 

BA „ U^ = VKq ; 

CB „ ui=: UK^'. 

But CA; = BA + CB ; 

1 1 1 



therefore, 



a confirmation of 62°. 



^9 9 9 
Kq'q = K^K^', 



74°. If C^ and AA', fig. 25, are both great semicircles,^ 

AB (= U^) and BC (= JJq') will be quadrants, i.e. q and q' 

will be right quaternions ; and C'A' and AC will belong to 
the same great circle, but will have contrary directions. 

Therefore, since C'A' and AC are equally long, C'A' is the 

revector of AC ; and since AC = Vq'q^ 

Vqq' = d^I' = TJ J- = VKq'q ; 

o«-. qq' = ^9'q ;. (i) 

Equation (1) is simply equation (3) of 66°, in different 
symbols, 
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If the semicircles C C and AA' cut each other at right 

angles, C'A' and AC will be quadrants of the same great 
circle with contrary directions, i.e, qq' and q'q will be right 
quaternions, and, consequently, 

Vqq' = VKq'q = ILVq'q = - VU q'q, 66° ; 
or, qq' == ^q q, 

which is a confirmation of (3) of 67**, v.^v^^ = — v^v.^. 

75°. It remains to show how either of the two unequal 
quaternions, q'q and qq, may be geometrically transformed 
into the other. 

Let ABC be any spherical triangle, O being the centre of 
the unit- sphere ; and let the versors of any two quaternions, 

reduced to the form " and X be \5q = — --, Uo'' = -— . Let 

a fi OA ^ OB 

P be the Positive Pole of AB, i.e, that one of its two poles 
round which rotation from A to B, or OA to OB, would 
appear to be right-handed to an observer standing upon the 
surface of the sphere at P. Let Q be the positive pole of 

BC, and S the positive pole of CA ; S being, consequently, the 

negative pole of AC. Then, joining the points P, Q, and S by 
arcs of great circles, we have 

^^=Ja=^^= 0Q=P^=W; 0S=^^=UK?'?,73- . . (1) 

and, from the known properties of the polar triangle, 

Z.^ = A0B = APB = 7r — QPS; or, Z.QPS = 7r-/: q, . . (2) 

Z^'=B0C=BQC=7r-SQP; or, / SQP = 7r-Z^'. • -(3) 

Further, since the angle of a quaternion is equal to the 
angle of it3 conjugate, ^^» ^ qq = ^ q^ = ^^'^^ 

/_(y'^=:C0A=CSA = 7r-.PSQ; or, zPSQ=:r- ^g'^ . . (4) 

Let us now pass from the triangle PQS to a third triangle, 
PQR, where R is the point upon the sphere diametrically 

opposite to S, and is consequently the positive pole of AC. 
Then, since the versors^f conjugate quaternions are opposite 
unit- vectors, and since OS = UK^^'g, (1), 

OR = Wg (5) 
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Calling the angles of the triangle PQR, P, Q, R, we have 



..(6) 





ZP = TT-QPS = /.q, (2); / Q = 7r-SQP=Z^', (3); ) 

ZR=-PSQ = 7r- lqq,{i) 

In fig. 26 the arcs C'C and AA' bisect each other in B, as 
in fig. 25, and the triangle PQR 
is derived from the original tri 
angle ABC in the manner just 
described. Let R' be the posi- 
tive pole of C'A' ; join R' with .,--^-'ll' r" 

P and Q by arcs of great C^ A' '"'' ^ ""^ 

circles ; and draw OR. Then, 

OR'=^'j;=U5g',69»(2)...(7) 

Since the angle between the ''^ yig. 26. 

perpendiculars to two planes is 
the supplement of the angle between the planes, 

Z QOR = 7r-zC = 7r-zC'=Z QOR', 
Z.P0R = 7r- z.A = 7r - zA'= ZPOR'. 

Therefore, QR = QR', and PR = PR' (in length) ; and 
from the equality of the triangles PQR, PQR', it follows 
that 

L QPR = Z QPR'. 

But, (6), „ =zP=Zg; 

therefore, Z RPR' = 2 Z ^ (8) 

Since PR = PR', a small circle, described with P as its 
positive pole, which passes through R, will also pass through 

R'. Therefore, OR (= \Jq'q) may be transformed into 
OR^(=U(^^') by the Conical Rotation of OR round OP 
through the angle RPR' = 2 z 5'. 

In symbols, 

tt / ob oc ob oc oa tt /tt ^ \ tt -1 
^^^=6aob = oao-ao-b = ^^(^^^^^^" 

or, q{q'q)q~^ = qq' (9) 

It is evident that the symbol q { ) g' " Ms an operator 

which produces a positive conical rotation of the versor, or 
axis, of the operand quaternion (which is written within the 
parentheses) round the versor, or axis, of the operating 
quaternion, q, through an angle = 2 Z ^'j without altering 
the angle or tensor of the operand q'q (since Tqq =. ^q'q, and 
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/ qq' =z l_ q'q). This rotation is positive, because it is right- 
handed as seen from P, the term of \]q. Were it negative, 
the operator would be written q"^ { ) q. Thus, 

TT , OC OB OA OB 00 OB ^t - 1 /tt '\ tt 
^^^ = OBOA=OBOAOBOA = ^^ MIJ^^)U(Z; 

or, q''(qq')q = q'q (lO) 

Regarding vectors as right quaternions, it follows from the 
preceding argument that, if 

qpq-'=P; (U) 

then p is the vector generated by the positive conical rota- 
tion of fi round the axis of q through 2l_q, Evidently 
T^' = T/?. 
Finally, if 

_ a/3a-»=y3'; (12) 

then P' or OB', ^g. 21, is the vector generated by the posi- 
tive conical rotation of p round Ua through twice the angle 
of a considered as a right quaternion, that is, through tt. 
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CHAPTER IX 

FORMULiG 

76°' Let ttj, ttg . . . a„beany coinitial vectors. 
V73o = V (Syfi + V7i3) a « V . aiyfiy - V . aVyfi = V . aSfiy + V . aV 3? 
„ « V . a(S37 + ViSy) - ¥0/87. 

By extending this process we obtain 

V(aia2 . . . a„) = qp V(a„a„.i . . . a,), ... (1) 

according as n is even or odd. For example, 

YajS = - V/3a. 
Sa^y = S . a (S^y + V^y) = S . aV/3y = S . V^y (a) 
= S (S/?y + V)3y) a = S^ya. 
By extending this process we obtain 

S(a|a2 . . . an)^^S(^2'*3 • • • *n''^l)^^^(^3^4 • • • 0ln^l**2)^^*^^* * • (*^) 

Sa)8y = Sya)8 = Sy (Sa^ + Va^g) = S . ySa/3 + SyVa^S ; 
therefore, Sa^y = SyVa/?. 

And Sy^Sa = SyV^ga = - SyYa/S ; 

therefore, Sy^Sa = — Sa)8y. 

By extending this process we obtain 

S (aia2 . . . a^j) = ± S (a„a,j_i . . . a^), . . (3) 
according as n is even or odd. For example, 

S/?a = Sa/?. 

It is unnecessary to write S . yVa)8 above, instead of 
SyVa/? ; for, if the expression has a value different from zero, 
it cannot mean Sy . Va/?, because Sy = o. 

The product of any number of vectors in space is generally 
a quaternion ; for aj3yS = a)8 . yS = ^1^2 = 9'3- I^ the num- 
ber of vectors be odd, one of them may be treated as the 
representative of a right quaternion. 
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The product of any even number of coplnnar vectors is 
generally a quaternion whose axis is perpendicular to their 
plane. 

The product of any odd number of coplanar vectors is 
always a vector in the same plane. 

Since cyclical permutation is permitted under the signs 
S and T, it is obviously permitted under the signs SU and L ', 

or, SU (aia2 . . . a„) = SU (a2a3 . . . et^ai) = &c. . . (4) 

Z. {oLiO-^ . . . a„) = /_ (ct2^3 • • • ^^1/ ^^ "^^' • • \^/ 

77°. By 22°, 2V^y = ^Sy - yl3. 

Multiplying both sides by a and taking the vectors, 

2V . aV^y = V . a (^y - y)8) = V (a/3y - ay^g), 
= Y(a/3y-ay/? + ^ay - )8ay), 
= V. (a/3 + /?a) y - V . (ay + ya) A 
„ = 2ySa)8 - 2^Sya 
or, V . aVjSy = ySa)8 - ^Sya (1) 

From a mere inspection of (1) it is evident that V.aVySy 
is perpendicular to a and coplanar with fi and y. If equa- 
tion (1) be given in the form 

S = ySayS — ^Sya, 

it is easy to show that a is at right angles to S. For, multi- 
plying both sides of the equation by a, and taking scalars, we 
get, Sa.^ = SaySayS — Sa^Say = O. 

Therefore, a and 8 are at right angles. 

78°. I3y = S/3y + V^y. 

Multiplying a into this equation, and taking the vectors, 

Va^y = aS;Sy + V . aV/3y 

„ = aS/3y - ySSya + ySa/3 . . . (1) 

This equation is of the form, 

S = la + mp + ny, 

Va)Sy, therefore, is the intermediate diagonal of the parallel- 
opiped of which the three coiiiitial edges are aSy3y, — )SSya ; 
aiid ySa)8, Pt. I., 37°. 

79°. V . crVyS = gS(ry - yS8(7. 

Let (7 ■= VayS, and 

Y . Va^Vy8 = 8S (Va)8) y - ySS Va^. 
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Introducing the null terms SySa^S and S3Sa^, 

V . Yal3YyB = as {(Sa^) y + (Va)8)y} - yS (8Sa)^ + 8Va)S) 
= 8S . (Sa)8 4- Va^)y - yS . 8 (Sa)8 + Va^) 
„ = 8Sa)8y - yS8ayS (1) 

It is evident from inspection that V . VaySVyS is coplanar 
with y and S, Further, 

V . Va)8Vy8 = V . V8yVa)S = ^S8ya - aB/38y. 

Therefore, V . Va^SVyS is also coplanar with a and yS. There- 
fore, V . Va/3Vy8 must lie along the only line which the plane 
containing a and fi and the plane containing y and 8 have in 
common — their line of intersection. 

80°. y . crV^y = yScryS - ^Sycr. 

Let o- = Va)8, and 

V . Va/3V^y = yS . ( Va/?) )8 - )8S . y Va/5 

But SpVafi = o, because fi and Va)8 are at right angles. 
Therefore, V . Va)3V^y = - )3Sya^ . . . . (1) 

We have, therefore, 

oSa^y = V . V/?aVay ; /3Sa/3fy = V . Vy^V/?a ; 

ySaySy = V . Vay VyyS (2) 

81^ V . YapVyp = pSa/?y - ySpa^, 

- V . Va)8Vyp = V .YypYap = ^ypa - aS/?yp. 
Adding p^a/3y = aS)8y/3 + ^yap + ySa^p, . . . (1) 

a formula expressing a vector, p, in terms of thr^e given 
diplanar vectors, a, /S, y. 

pSa^y is the intermediate diagonal of the parallel opiped of 
which the three coinitial edges are aS^yp, )8Syap, and ySa)8p. 

82*'. Assume, 

pSa/?y = a;V)3y + y Vya + zYafi ; 

' it is required to determine the values of as, y, 2. 

Multiplying a into the equation,, and taking scalars, 

SapSa/?y = xSaYjSy + ySaVya + zSaYafi 
„ = xSafiy + y&ya2 + zSa^fi 

„ = icSa^Sy. 

Therefore, aj = Spa. 

Similarly, y = Spfi ; z = Spy. 

Therefore, pSapy = SpaVySy + Sp^SVya + SpyVa^S. . (1 ) 
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83^ 



Sa/?y8 = S . (Bapy + Va)9y) 8 
= S . (Va)Sy) 8 

= S . (aS/?y - )8aya + ySa)8) 8 
= Sa8S)gy -^ SayS^8 + Sa)3Sy8 



>> 
}} 



(1) 



84^ S . Va/3Vy8 = S . (a^ - Sa)8) (y8 - Sy8) 
„ = Sa^y8 — Sa)8Sy8 

= Sa8S)3y — SaySy88 . 



(1) 



85°. S (Va/3Vy8yVya) = S {Va)8 . V (Y/SyYya)} 

= - S (Va/8 . ySa)3y), 
= - S (yVa^ . Sa^y) 
= - Syafi . Sa^y 
= - (^a)8y)«. 

86^ By 54* 

Va)8y = aS)8y - )SSya + ySa/? = (say) a' - )8' + y'. 
V^ya = ySSya - ySa)8 + aS)8y = a' + )8' - y. 

Vya^ = ySa)8 - aSySy + jSSya = - a' + )8' + y'. 

Therefore, 
S . Ya/3yy)8yaVya/3= S (a'-)S' + /) (a' +^' -y') ( -a' + 13' +y') 

- a', iS', y 

= 4Sa')8'y'= 4S . (aS^y . )SSya . ySa)8) 
= 4Sa^S/3ySyoSa^y. 

In expanding the determinant, the cyclical order, a', )8', y', 
must be preserved. 

87®« Let a be any vector, q {=ffy) any quaternion, and let 
V^ = 8. Then, 

aq + qa = a (Bq + Yq) + (Bq + Yq) a = 2aSg + aYq -\-Yq ; a 
= 2aSg + a8 + 8a = 2aSg + 2Sa8 
= 2 (aSy + S . aV)8y) = 2 (aS^ + Sa^y) 
= 2 (aS^ + S^ya) 
= 2 (aS^ + S . qa). 



)> 






=s 






88°. ouqa = a(Sq + Yq),a = a^S^ + aV^ . a 
„ = a^Bq - a^Vg + a^Yq f aV^ . a 
„ = a'^K.q + a (aYq + Yq , a) 
„ = a^Kg + 2aS . qa. 
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89°. Let OBCA be any parallelogram, and draw the 

OB 
diagonals OC, AB. Let ^— =§';/. AOB being thus L q- 

Then, 



(T . AB)2 = (T ,OBf + (T . 0A)2- 2 (T . OB) (T . OA) cosZ g, 
(T . OQf = (T . 0B)2 + (T . 0A)2+ 2 (T . OB) (T . OA) cos ^ q. 

Dividing both these equations by (T . OA)^, 

(^^)" = {^fj H. . - <! CO. . „ 

OA OA OA 5^ a; 

OC OB + OA OB ^ 1 ,1 

■0A = — OA— =0A + ' = ^ + '- 
Therefore, T (^ - 1)^ = 1 — 2S^ + Tg2 ; 

T(^ + 1)^ = 1 + 2S^ + T^2^ 

More generally, since T {q" + 1) = 1 + 2S^" + T^q" ; if 

q" zsz^^we have 



\q J q q 



rp2 

\q J 9. q 

But s ?' = ?^ ^'??. 

q T^q 

Therefore, 

T^fg-H-lUl + ^^^.f^y + T^ 
\g / T^g g 

and T2 (^' + ^) = T2g + 2S . q'Kq + T^^^'. 

If q' degenerate into a scalar, x, 

T2 (q + x)=: T^q + 2xSq + a;^. 
T2 (^ - tc) = T2g - 2xSq + a^. 

90°- Let a be any unit- vector and t any scalar. Then 
since a~* is the conjugate of a', 

Va* = a sin ^ = a cos L^ i^ = aBa'""^ 
Sa'^»= - sin -^ = i . 1 sin ^^ = lYi' = JY/ = kYk\ 
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Since S , fk = o, 

fk = - K ./^ = - KJfc . K/ = kj-\ 
and k ^fkf. 

91°. If q and r be any two quateiTiions, 

(qrq-^y = qv^q-K 
For, (^^^^ ^ T = 9'^5'~ * . 3'^'2~ ^ = y^'s'" * i 



Similarly, (j^j~^Y =y^I/~S 

and {k*j'kj-'k-y= k'fk'j-'k^K 

92°- The proofs of the following formulae are left to the 
ire9jdf r * 

(1 ).* S . Va)8V)8y = S . a^ypy. 

(2). S (a + ^) (^ + y) (y + a) = 2Say8y. 

(3). V (aV^y + fiYya 4- yYajS) = O. 

(4). Va)8y + Vya)8 = 2ySa)8. 

(5). aV^y + )SVya + yVayS = 3Sa)8y. 

(6). V'a^ = S V - a*)5^- 

(7). S . YPyYya = y^Sa^ - SySySya. 

(8). S (Va/SVy8 + VayY8y8 + VaSV^y) = o. 

If a be any unit-vector and t any scalar, 

^9). a-' = Sa* - aSa*-^ 

(10). aVa*==Sa'^'. 

(1 1 \ iV/ = Vifc' ; yVA:* = Vv^; A;Vt* = V/. 

(12). jYi' = - Vifc* ; A;V;* = - Vi* ; iVA;^ == .- V;\ 
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INTERPRETATION OF QUATERNION EXPRESSIONS 

93°. The sjmabol S . a x means that a is to be multiplied 
into some given expression, and the scalar then taken. 
S . X a means that some given expression is to be multiplied 
into a, and the scalar then taken. And similarly for V . a x , 
(be. What is the geometric meaning of the equation 

Sa)8y = o ? 
Since Safiy ^ o, SaV)8y = o. 

Therefore, Yfiy ± a. 

But V/?y J. 13 and V)8y ± y. 

Therefore, since a, /?, y are coinitial, they are coplanar. 
Conversely, if a, ^, y are coplanar, then 

Sa)8y = o. 
For Sa)8y = SaVySy. 

Now, since Yfiy is at right angles to fi and y, it is also at 
right angles to a, the three vectors being coplanar. Therefore, 
aVPy is a right quaternion, and 

o = SdV)8y = Sa^y. 

94^* What is the geometric meaning of the expressior 
Sa^y, if a, )S, y be diplanar, coinitial vectors ? 

Let a, /S, y, fig. 27, be 
the three vectors, and com- 
plete the parallelopiped 
OD. From O draw a unit- 
vector, €, perpendicular to 
the plane A06, such that 
rotation round it from a to 
fi is positive, and from C 
let fall a perpendicular, 
CP, on the plane AOB. 
Let ^ AOB = e ; 
L POC = </». 

H 2 




Fig. 27. 
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Then, 

SajSy = Sya/? = Sy VayS = S . y (TaT^ sin $,€) = TaT/? sin 6Sy€ 
„ = TaT)8Ty sin ^ sin <^ (1) 

But TaTyS sin is the area of the parallelogram AOB, and 
Ty sin <^ = CP is the altitude of the parallelopiped OD. 
Therefore, 

Sa^y = volume of the parallelopiped OD . . (2) 

whose three coinitial edges are a, /3, y. 

95°. As a confirmation of equation (2) of 94°, we may 
deduce the value of Sa/8y in the form of a determinant by 
making use of the trinomial form of the three vectors. 

Let 

« = «!* + yj + Silk, /? = a;2^ + yj + z^k, y = x.J-\- yj + z.k. 

Then, 

Sa/Sy = S . (x^i + yJ + z^k) (x4 + 2/vi + ^J^) {^'J + yd + z^k) 
„ = - ic, {y.^Z3 - 2/32=2) - 2/1 {^2^6 - z^x.,) — z^ (x^y^ - x.^y.2) 

„ =— 032, y2»«2 (1"^ 

a^3> 2/3> 2=3 

It will be observed that the sign of this determinant is 
negative, while the signs of (1) and (2), 94^, are positive. To 

explain this difference of signs, let OB = a, OA -- /3 (fig. 27). 
Then the axis of afi will be a unit- vector, ?; = — c, and 

Sa^y = SyVa^ = TaT/3 sin O^yrj = TaT;8 sin (9 . Ty ( - sin </») 
„ = - TaT^y sin sin <^. 

= — volume of the parallelopiped OD. 

It is clear that the change of sign is due to the change in 
direction of the rotation from /? to y round a. In 94" this 
rotation was negative and the volume positive. When we 
change the names of a and yS, this rotation becomes positive 
and the volume negative. In other words, the sign of the 
volume is positive or negative according as the pyramid 
OABC is positive or negative, Part I., 30° (c). We can now 
see why the sign of the above determinant is negative. The 
result was obtained by resolving each of the vectors, a, ^, y, 
into three other vectors in the directions of t, jj k. The sign 
of the volume, therefore, depended upon the sign of the 
pyramid OIJK (fig. 11), and the sign of this pyramid is, and 
must always be, negative by definition. 
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We may, therefore, write general]y, 

Sa)3y = ± volume of parallelopiped OD ) /^.v 

„ = ±1 6 X volume of pyramid OABC ) * * * ^"^ 

Tn the case of Sy^a everything is, of course, reversed, 
because SyySa = — SaySy. 

But the rule of the pyramid holds good. Sy^a is positive or 
negative according as the pyramid OCBA is positive or 
negative. 

98°. What is the geometric meaning of the symbol VajSy, 
when a, )8, y are the successive sides of a triangle ? 

Let a, p, y repre- 
sent the sides of a 
vector- triangle ABC, 
iig. 28. Circumscribe 
a circle to the tri- 
angle, and let the tan- 
gents at the points 
A, B, C meet in T,, 
Tg, T3. Let the 
angles of the triangle 
be A, B, C, and let 

Uyxa = 77. 
Then, since 




Fig. 28. 



L T,BA = zi C, 

Vpa = - Uyrg ; 
JJyVpa = Uy^a = - UyUyxa = - Uy^Uxa = JJr^ ; 
y^a = chdUr^' 
But Sy^a = O, 93*^, 
therefore, y^a = VyySa = Va/?y. 
Therefore, Va^y =: abc\jT2 (1) 

The product of the three coplanar vectors, a, /S, y, then, 
represents a vector along the tangent to the circumcircle at B, 
the origin of a, whose tensor is the product of the sides of the 
triangle, and whose direction represents the initial direction 
of motion along the circumference from B through C towards 
A [the point Tj is not the term of r^. Were the direction of 
rotation round the triangle negative, we should have 

(since yySa = Vy/3a = Va^y = a)9y), 
(- r) (- /8) (- a) = - r^ga = - a;8y = abc (- Ur,), 

a vector equal in length to a^y, but drawn from B in the 
contrary direction. 
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Similarly, 

V)8ya = hca . Uts ;| .^x 

Vyay3 = cab . Utj. ) ^^^^ 

97°- What is the geometric meaning of 

8 = a)3a-M 

Multiplying a"^ into the equation, 

therefore, ^ = K -. 

a a 

Therefore, 49° (/), a, ^, 8 are coinitial, coplanar vectors ; 
a bisects the angle between fi and 8 ; and T8 = TyS. See 
75° (12). 

98^ )S = ap (1) 

is the equation of a Point. 

For, since )8 = Sap + Vap, if we equate the scalar and vector 

parts, we have, 

o = Sap ; ^ == Vap. 

From the first equation, p X a ; from the second, j8 J. a, )S J_ p. 
Multiplying a-* into the given equation, 

or, since /3 ±, a and a""'^ is a right quaternion, 

p = Ya-^13 = - VKa-i^ = - Y/8a-l = - V^. 

a 

Therefore, p is a constant vector, and the locus of P is a point, 

the term of — V^. 

a 

The system 

V^ = V^; S^-=:S^, (2) 



a a a a 



also expresses that the locus of P is a point. For 

a a 

therefore, S ^^-^^ + V ^^1^ = £Z1^ = o ; 

a a a 

)» P = A 

P = B. 
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99°. V ^==: o, or Vap = o, (1) 

CL 

is the equation of the indeiinite straight line OA. 

K5 = e (2) 

a a 

is another form of the equation of OA. For, if g =— , 

a 

o=q-Kq^ 2Yg, 48° (8). 

Therefore, ^q = ^^ = oorir. 

a 

U ^ = ± U ^ ....... (3) 

a a 

is the equs^tion of the indefinite straight line OB in the case 
of t he positive, or OB' in the case of the negative sign 
(OB' = - OB). 

If y = 00 be a third vector such tliat ^ BOG = Z. AOB, 

U2^ = U>: (4) 

a a 

is the equation of the indefinite straight line BB. For, since 

a V a 

the angle AOC is bisected by p or — p, 51° (9). 

V^ = V^,or V^^I^ = o, . ... (5) 
a a a 

is the equation of an indefinite straight line drawn through 
B parallel to a. 

What locus is represented by 

Vap = ^? (6) 

From inspection, P JL <h P 1^ P* 

Va"*)S = V . a"*Vap = pSaa"^ — aSpa~* ^ p — uco, 
where a; is an indeterminate scalar. But since )9 J_ a, 

some vector perpendicular to a and fi. Therefore, 

p = y + a;a, 

and the locus of P is the indefinite straight line through C, 
parallel to a. 
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The system of equations, 

Sep = o ; ScyS = o ; S/3p = — c (constant) . . (7) 

where c is a given unit- vector, expresses that the locus of P 
is a straight line. 

The iirst equation restricts p to a fixed plane through the 
origin J_ c, which, by the second equation, contains /?. From 
the third equation, if Tp = x, and T/3 = b, 6 being the variable 
angle between the two vectors, we have 

— xb cos ^ = - c, 

X cos & = . 
o 

If, then, we take on yS (or ^ produced) a point C such that 

the sought locus will be the straight line through A_ p. 

If c ^ o, 

S^€ = o ; S/?p = o ; Sep = o, .... (8) 

expresses that the locus of P is the indefinite straight line 
through O, _L p. 

100°. UV^ = UV^ (1) 

a a 

is the equation of that part of the plane AOB which lies on 
the same side of the indefinite straight line OA as the point B. 

If OA/ = - OA, 

T(p+a) = T(p-a), (2) 

being equivalent to AP = A'P, is the equation of a plane 
through O perpendicular to a. 

S^ = o, orSap = o, (3) 

a 

expresses the same locus ; as also does 

K^=~'' (4) 

a a 

To deduce (3) from (2), 

T(p + a) = T(p-a), 
T P ^ ^ ry P — ^ 

T(y+"l) = T(/-l), 
1 + 2Sj + T-^g = 1 - 2Sy + TY 89°, 

S(? = S'? = o. 
a 
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To deduce (4) from (3), 

a a a a a a a 

S^ = l (5) 

a 
is the equation of a plane through A perpendicular to a. 

For it is equivalent to S ^ ^ = o, which shows that 

a 

(p — a) J_ a. 

Sap = — a^, (6) 

which is equivalent to Sa (p — a) =■ o, gives the same locus. 

Sa/> = 1 (7) 

is the equation of a plane through A', the term of a"', per- 
pendicular to a"^ or a. For it is equivalent to 

= Sap — 1 = S -~ — S — ^ = S 



O =: f5a/3 — 1 = S -'— — !S - — r = S — . 

a~ a~ a" 



This plane is consequently parallel to the plane of (5) 
and (6). 

S ^ = c (constant) (8) 

a 

is a plane parallel to the plane of (5). 
For, l = ls^ = S^-; 



c a Ca 



therefore, S ^ = o. 

Ca 

Consequently (p — ca) JL ca, or a, 

Sap = c (9) 

gives the same locus. 

S^-^=-^ = o,or,S^=-S^ . . . .(10) 
a a a 

shows that p — ySjLa, or BPxOA. The locus of P, there- 
fore, is a plane through B perpendicular to a, in some point, 
A'. This may seem plainer if we write the second equation, 



T^SU^ = T^SU^; 
a a a a 

whence TpSU ^ = T^SU ^, 



a a 
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or, OP cos POA' = OA' = OB cos BOA'. 

T(^-/?) = T(p-a), (11) 

being equivalent to BP = AP, expresses that the locus of P is 
a plane which bisects at right angles the straight line AB. 
Squaring (11) we get as the equation of the same plane, 

{P''fi)'={p-ay (12) 

lor. If Q' = - 1, (1) 

^ was shown (51°) to be a right quarternion such that 
a 

Tp = Ta. The locus of P, therefore, is a Circle with O as 
centre and Ta as radius, the plane of the circle being perpen- 
dicular to a. Or the locus of P is a great circle of a sphere 
with O as centre and Ta as radius, of which circle A is one of 
the poles. 

^^ = - -y« ; V > o (2) 

a^ 

give a similar locus, the radius of the circle being in this case 
t?Ta. 

If € be any given unit- vector, 

Tp = Ta ; Sep = o (3) 

is the equation of a circle with O for centre and Ta for radius. 

Sp(p — 2a) = o; UVap = € .... (4) 

is the equation of a circle passing through O, with A for 
centre. 

The system of equations, 

p = a'^ ; Ta = 1 ; Sa)8 = o . . . . (5) 

represents a circle with O for centre and OB for radius, in a 
plane perpendicular to OA, t being a variable scalar. 

102°. What locus is represented by 

VapVp^ = V2a^ ? 

Since V^a^ is a scalar. Yap and Vp^ are parallel ; and 
consequently p, a and fi are coplanar. Therefore, 

p = a;a + yfi, 

where x and y are scalars. 

V . a X , Vap = y Va/?. 

V. xA ypP=^xYap. 



1 



INTERPRETATION OF QUATERNION EXPRESSIONS 107 
Therefore, V^a^S = YapYp^ = xyY^a/S ; 

„ p=a;aH- -fS, 

X 

the equation of a Hyperbola, a and fi being unit- vectors along 
the asymptotes taken as the axes, and x and y the Cartesian 
co-ordinates. 

103^ P = a'^ ; 

Ta = 1 ; Sa)9 ^ o ; 

represents a plane ellipse. For, 

p = / cos — + a sm - j ^ = )9cos -- + a)8 sin -. 

Let "f = ^» s-^d "^^^ = ^= 7- 

Then, taking vectors, 

p = ^ cos tf + 7 sin ^, 

the equation of a plane Ellipse of which O is the centre, ^ the 
major and y the minor semi-axis, and ^ the eccentric angle. 

104^ p2 ^ - 1, or, Tp = 1 (1) 

is the equation of the unit Sphere. 

Tp = Ta (2) 

is the equation of a sphere with O for centre, which passes 
through A. 

h,^y ^ /'vey = l (3) 

gives the same locus ; for, 

whence, Tp == To. 

T(p-a) = Ta (4) 

is the equation of a sphere passing through O, with A for 
centre. 

(p - a)* = (;8 - a)» (5) 

T(p-a) = T(^-a) (6) 

being equivalent to AP = AB, is the equation of a sphere 
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passing through B, with A for centre. O may be any point 
in space. 

S ^ = 1, or, S ^^1^ = o, or, S/?/> = p^ . . . (7) 
P P 

is the equation of a sphere with OB for a diameter ; for since 
(^ _ p) is at right angles to p, the angle OPB is always a 
right angle. 

^=K^ . (8) 

a p 

gives the same locus as (2). For, multiplying by -, 



1 = ^ ^ = ? K- = T2^ ; therefore, Tp = Ta. 
p a p p p 

105°. The system of equations, 

S^ = l ; S^=l (1) 

a p 

expresses that the locus of P is a circle, namely, the Circle in 
which the plane through A, perpendicular to a[S^=l) 

intersects the sphere with OB for a diameter jS^ = l). 

For since P must lie at the same time upon the sphere and in 
the plane, its locus is necessarily the only line which the 
sphere and the plane have in common — the circle of inter- 
section. 

106°. p=^a'Pa-\ 

or, p = a'^'/Ja-^ 

where t and are variable, is also the equation of a Circle. 
What circle ? 

Comparing these equations with (9) of 75°, it is clear that 
p is the result of the positive conical rotation of P round a 

through an angle = 2^ = ^tt = 2^ (^\%.e, twice t times the 

angle of a considered as a right quaternion. The locus of P, 
therefore, is a circle upon a sphere with TjS for radius. 

107°. SU ^ = SU ^ 

a a 

is the equation of one sheet of a Cone of revolution passing 
through B, with O for vertex and a for axis. 
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The other sheet is represented by 



... e = _su^: 

both sheets by 



SU ^ = - SU ^ ; 
a a 



fsv^y = f^\j^\ 



108°. If we multiply together the two equations of 105** 
we get 

S^S^ = 1, (1) 

p a 

the equation of the Cyclic Cone, discovered by Appolonius of 
Perga. It is an oblique cone, and has a circular base. 

Equation (1) is evidently satisfied when the two equations 
of 105° are satisfied. Therefore every point of the circle re- 
presented by the equations of 105® must lie upon the locus 
represented by equation (1). But this equation remains 
essentially unclianged when p becomes xp, x being any scalar, 
positive, negative, or null. For, 

S^S^'?=ls^.a;S''=S^Se=l. 
xp a X p a pa 

Equation (I) therefore represents the cone (prolonged 
both ways) with O for vertex which has the circle of 105° as 
its base. 

It becomes a cone of revolution when A (the term of a) 
coincides with the point in which fi cuts the plane of the circle. 

Any plane parallel to the plane S - = 1 will obviously cut 

a 

either sheet of the cone cyclically. But there is another and 
a distinct series of planes which also cut the cone cyclically. 

For 

PR P 

therefore, S ^ = -^ S -^.. 

p p2 ^-1 

And S ^ = Spa-^ = Sa-'p = S ^^ = p^S — . 

a p p 

Therefore 1 = S ^S^ = ^, S /- . p^S"^"- = S^"- S-f . 

9 o. P P P PR 
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an equation which expresses that the locus of P is a cyclic cone 
with O as vertex, whose base is the circle in which a sphere 

with a"* for a diameter f S — = 1 j is cut by a plane through 
B' (the term of ^S"*), perpendicular to /S^M S ^, = 1 j. 

109^ 

TV ^ = TV ^, or, TVap = TVa^, or, V^^ = V*^ . . (1) 

a a , a a 

is the equation of a Cylinder of revolution passing through B, 

with a along its axis. For, if ^ ^ = <^, and/. ^ = ^,the given 

a a 

equations are equivalent to 

Tp sin 4> = T/3sin$; 

or, if D and Q be the feet of the perpendiculars let fall from 
B and P respectively upon a, 

PQ = BD. 



Ill 



CHAPTER XI 
on the differentiation of quaternions 

Section 1 
General Principles 

110^. When we speak of a variable quaternion, we 
mean, in general, a quaternion whose tensor, angle and plane 
are variable. Hence, if q be any variable quaternion, then 
Tq and U^, ^q and V^', ^ q and U Vg are, in general, variable 
quantities. 

When the plane is variable the quaternion and its differen- 
tial, which is obviously a quaternion also, are diplanar. 

If the plane happen to be constant, while the tensor and 
angle vary, the quaternion and its differential are coplanar. 

The method of the ordinary Differential Calculus, in so far 
as it involves the commutative law of multiplication, is 
inapplicable to vectors and quaternions. To show this, let us 
examine some simple case of ordinary differentiation, say, 

f(x) = x\ 

Then, f{x + Aa) = (a; + Aaj)2, 

f (x + Aa ; )— /(a;) __ {x + Aa;) ^ — a?^ _ 2a;Aa; + (A^)^ , . 
Aa; Aaj Aa; 

„ = 2a; + Aa; ; 

and at the limit, when Aa; = o, 

dx 

This result, it will be observed, depends upon our having, 
as in (a), 

(a; + Aa;)2 = a;^ + 2a;Aa; + (Aa;)^. 
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But in the case of the equation 

/(?) = ?*. 

where q is any quaternion, in general, 

because, in general, q and dq are diplanar quaternions, and 
the commutative law of multiplication is applicable to 
coplanar quaternions only. In fact, 

{q + A^)2 = (g + ^q){q 4- Ag) = g2 ^ Ag . 9 + q^q + (Ag)^. 

In consequence of this peculiarity of quaternions, it 
becomes necessary to frame a definition of differentials which 
shall not involve the commutative law, and which shall also 
remain true for quaternions which degrade to vectors or to 
scalars. 

Definition. — Simultaneous Differentials are the Limits of 
eqidmultiples of simultaneous and decreasing Differences. 
Conversely^ if any simultaneous Differehces, of any system of 
Variables, tend to vanish together {according to any law), and 
if any equimultiples of tJiese decreasing Differences tend all 
together to any system of finite limits, then these Lim,its are 
Simultaneous Differentials of the related Variables of the 
System, (Hamilton). 

In symbols, let 

q,r,s... .  (1) 

denote any system of connected variables ; let 

^q, Ap, As (2) 

denote a system of their connected (or simultaneous) differ- 
ences, so that 

q + Aq, r + Ar, s + As (3) 

shall be a new system of variables satisfying the same law as 
the old system (1). Then, in returning gradually from the 
new system to the old one, the simultaneous differences (2) 
can geiierally be made to approach together to zero, since 
evidently they may all vanish together. But if, while the 
differences themselves decrease indefinitely together, we mul- 
tiply them all by some common but increasing number, n, 
the system of their equi multiples, 

nAq, nAr, nAs (4) 

may tend to become equal to some determined system of finite 
limits, 

a, b, c (5) 
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When this happens (as it can be generally made to do 
by a suitable adjustment of the increase of ti to the decrease 
of A^, <&c.), the limits thus obtained are the Simultaneous 
Differentials of the related variables, g, r, « . . ., and we 
have 

a = dqy h ^=^ dvy c ^= da (6) 

A quaternion decreases as its tensor decreases, and it 
decreases indefinitely when its tensor tends to zero (Hamilton). 

111°. As an algebraic illustration of the foregoing prin- 
ciples, let us investigate the differential of a;^, where x is any 
scalar. 

Let y = a;^ (1) 

Then y + Ay = (a -f Aaj)^, 

and Ay = 2a;Aflj + Aa;^ ; .... (2) 

where Aa;^ represents (Aa;)^. A {x^) will be represented by 
A . a;2 ; {dxY by dx^ ; d (x^) by d . x*. If n be an arbitrary 
multipb'er, say a positive whole number, 

wAy = 2xn^x + n~^ (nAxy (3) 

Conceive, now, that while the simultaneous differences Aa: 
and Ay tend together to zero (always, however, remaining 
connected with each other and with x by equation (2)), the 
number n tends to infinity, in such a manner that nAa; tends 
to some finite limit, a. This will be the case if we oblige Ax 
to satisfy always the condition, 

Aa; = n~^a, or n^x := a . . . • , (4) 
We then have 

nAy = 2aja + n~^a^ = ^ + n~^a^ ; if 6 = 2a;a ; 

where b is finite, because x is supposed to be finite. 

But as n increases indefinitely, n~^a^ decreases indefinitely, 
a being given and finite ; and the limit of n~^d^ is rigorously 
zero. We therefore have at the limit, 

nAy := b » (^) 

Since, then, a and b are the limits of equimultiples of 
simultaneous and decreasing differences, we have 

dx = a ; dy = b ^ 2xa ; (6) 

or, dy ^ d , x^ ^=^ 2xdx (7) 

It will be observed that the use of the word * limit ' has 
been extended so as to include the case of constants. A 
constant is here regarded as its own limit. 

I 



114 ON THE DIFFERENTIATION OF QUATERNIONS 



K 



p 


1 


^^ 


t 


y 




1 p' 






B H 
FlO. 29. 



112^* As a geometric illastration of the foregoing principles, 
let us investigate the differential of an area, say a rectangle. 

Let ABCD, fig. 29, be any given rectangle, and let BE 
Q ly^ P and DU be any arbitrary, but given 

and finite, increments of its sides AB 
and AD. Complete the rectangle AF, 
which will thus exceed the given rect- 
L angle by the gnomon CBEFGDC. 
p Let I be a point upon the diagonal 
of CF such that the line CI is an arbi- 
^ trary but given submultiple of the line 
CF ; and through I draw HM and KL 
parallel to AD and AB. These parallels intercept, on AD 
and AB produced, equisubmultiples DK and BH of the two 
given increments (DG and BE) of those given sides; for, 
obviously, 

DK ^ CI^ ^ BH 

DG CF BE * 

Lpt the point I gradually approach C. Then the lines BH 
and DK, and the gnomon CBHIKDC, or the sum of the 
rectangles CH, CI, CK, will all indefinitely decrease, and will 
tend to vanish together ; remaining, however, always a system 
of three simultaneous differences (or increments) of the two 
given sides, AB, AD, and of the given rectangle, AC. 

The increments of the sides, being constant, are their own 
limits ; and since (by construction) they are always equi- 
multiples of the simultaneous and decreasing differences, BH 
and DK, we are justified by the definition, 1 10°, in taking BE 
and DG as the simultaneous differentials of the sides AB 
and AD ; provided that we take the limit of the equimultiple 
of the gnomon CBHIKDC as the simultaneous differential of 
the rectangle AC. 

What is the equimultiple of this gnomon, and what is the 
limit of the equimultiple % 

The equimultiple of the gnomon is evidently 



BE 



BE 
BH 
BE 



?^ . CBHIKDO = ^? (OH + 01 + CK) = ?^ (BO . BH + OP . OQ + DK . DO) 
DO. BH BH 



- -.. =^|^BO.BH) + ^(OP.CQ) + ||(DK.DC) 

» = BO . BE + DO . DO + OP . OR 
„ B (3B + OG + OL. 

Now, the limits of CE and CG are these rectangles them* 
selves, since they are constant ; while the limit of the rect- 
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angle CL {i.e, its value at the instant when the point I 
becomes coincident with C) is exactly zero. Therefore the 
differential of the area, or rectangle, AfiCD is the sum of the 
rectangles CE and CG. 

These two examples show, first, that differences and 
differentials must not in general be confounded together ; 
secondly, that differentials are not necessarily small ; thirdly, 
that the differentials of quantities which vary together 
according to a law need not be homogeneous, it being sufficient 
that each separately should be homogeneous with the variable 
to which it corresponds, and of which it is the differential, as 
line of line and area of area. 

Section 2 
Differential of a Vector 

113^* Let us apply the foregoing principles to the differen- 
tiation of a vector. 
The equation 

P=/(0» (1) 

where t is an independent and variable scalar, generally repre- 
sents the vector of a point, P, of a curve in space (fig. 30)* 
If Q be another point of the same curve, we have 

OP + PQ = 6q, 
or, P 

p + Ap =/(< + At\ . . (2) 

where A/> and A^ are the simul* 
taneous differences of p and t. 

Subtracting (1) from (2), 
Ap=/(*+_A^)-/(0. .(3) 

Let Ap, or PQ, be the w*^ part 

of the vector PR = or„, and let A< be the n^ part of a new 
scalar, u ; so that 

nAp = wPQ = PR, or, Ap = w"V« ... (4) 

nA< = Uf or, A^ = n~^u (6) 

Then, substituting this value of A« in (3), and multiplying 

it by w, 

nAp = n{/(< + n-^w) -/(<)} .... (6) 

If the scalars t and u be constant, while n is a variable 
scalar, the vector p, and consequently the point P, will be 

I 2 
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fixed ; but the points Q and B, the differences Ap and ^t, and 
the vector o-„, will in general vary together. 

. If n increases indefinitely, the simultaneous differences 
Ap and A^ will decrease indefinitely, and will ultimately vanish 
together (equations (4) and (5)). But although the chord PQ 
will be thus indefinitely shortened as Q moves along the curve 
towards P, yet its n*^ multiple, PR, or o-„, will generally tend 
to some finite limit, depending on the supposed continuity of 
the function /{t). In other words, R is always a point upon 
the line passing through the points P and Q ; and when (at 
tlie limit) Q coincides with P, R will still be a point upon the 
line passing through these two indefinitely close points of the 
curye — tlilbt is, it will be a point, T, upon the tangent to the 
curve at P. If, therefore, we call the vector- tangent t, it is 
clear that this vector t is the limiting value of the vector 
o-« = nAp when n increases indefinitely ; while u is the corre- 
sponding limit of n^L Therefore t and u are the differentials 
of p and tf since they are the limits of equimultiples of simul- 
taneous and decreasing differences. In symbols, 

lim. nA< = u =zdt ; lim. wAp = t = <ip . . (7) 

At the limit, therefore, whether P be a- point upon a curve 
or not, equation (6) becomes 

dp^d/(t)^lmi.n{/{t + n''dt)^/(t)} • . (8) i 

where t and dt are two arbitrary and independent scalars, 
both generally finite ; and dp is, in general, a new and finite 
vector, depending upon those two scalars according to a law 
expressed by the formula, and derived from that given law, 
whereby the former vector p, or <^ (t), depends upon the single 
scalar, t (Hamilton). 

114°. As an illustration of these principles, let us 

differentiate 

p = ^t^a, 

where a is a given and constant vector. 



\ 



I 
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Let nAt =zu, & given and constant scalar. 

Then, A< = -, 

n 

Hence, (4), <r» = wAp z=zuaft + ^ j, 

and at the limit r = uta. 

But T=sdp ; u = dt ; 

therefore, dp =^ d/ (t) =z d . ^t^a = atdt. 

Section 3 
The Differential of a Quaternion 

115°. Let Q = F(g, r . * . )» 

and let dq, (fr • . , be any assumed (but generally finite) 
and simultaneous differentials of the variables q,r , . . . , 
whether scalars, vectors, or quaternions. Then, 110°, the 
simultaneous differential of their function, Q, is equal to the 
following limit, 

C3?Q = lim . n {¥{q + n-^dq,r+n-^dr, . . . ) -F(g', r, . . .)} . . (1) 
n=co 

where n is any whole number, or other positive scalar, which 
increases indefinitely (Hamilton). 

If the function Q involves only one variable q^ or 

then, 

dQ = d/q=lim.n{/{q + n-'dq)-/q} . . (2) 

116°* As an illustration, let 

Then, dQ = lim . n {{q + n'^dq)^ — q*} , 

59 = » •n{(q + n-^dq) (q + n'^dq) — q^] , 

„ = „ . n (n-^qdq + n'^dq . q f n-»<ig'*), 

„ = „ . {qdq + dq .q + n'^dq^). 

Therefore, d . q^ ss, qdq ^ dq , q (1) 
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This expression cannot be further reduced, the quaternions 
q and dq being, in general, diplanar. In the special case when 
they happen to be coplanar, we have, 64^, 

dq ,q =:qdq, 

and d , q^ = 2qdq, 

It will be observed that n~^dq^ vanishes at the limit, 
because n~^Tdq^, or n~^T^dq, vanishes. 
If q degenerate to a vector, 

d. p^^pdp + dp.p=^ 2Spdp (22°) , . . (2) 

Section 4 
Miscellaneous Examples 

117**. jr = sin Of. 

dy = lim . nf sin [x H i — sin a; ) 

(dx , , dx . \ 
sin a;cos y- cos x sin sin x ] . 
n n J 



dx 
But lim * n cos — = w, 

n = cc ^ 

J  • CLX J 

and „ n sin - = ax, 

n 



Therefore, dy = cos xdx. 

118°. y = cos X. 

dy = lim , n f cos ( a; + — J — cos x J 

(dx • dif/ \ 

cos X COS sin x sin -^— cos x ) 
n n J 

„ = — sin Qcdx, 

119^ y = m^ 

where m is a constant scalar. 






dy 



„ =: „ , w»'«\^m" — ly. 
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- 1 1 

Let m**= 1 + -, so that z = 



z ^ 

m"- 1 



Then, since 

log(l + l)'=.log(l+^l). 

we have 

dx 

iog»(i+-) =-^i pr-x 

wi"— 1 w^w* — ly 
Therefore, treating c^ as a constant, 



(m ^-l) _ 1 



n=ao 

Consequently, 

lim . = =s log w. 

Therefore, 

lim . n ^m** — ^^ = log^m<ia; ; 

and c^y = m' log« mc^st;. 

120°. q = ^', 

where i; is a constant unit- vector. 

dq = lim , w^^if + W — ify, 

„ = „ . n-^i^f,-^ + ^ sin ^ - l), 33^ (2). 
Now, lim.co8^=l: 



nsoo 
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Therefore, dp z= - rf*^ dx. 

Had we taken x = cO, the result would have been some- 
what simpler. Then, 



/ 



dp 3 lim . n 

n» 00 






,, ( dO ^ . dO A 
, = „ . rf'nl cos - + 77 sm 1 ) 

\ ti n J 

. „ = yf'ride^rl^'^^he. 
This result is identical with that above ; because, since x = c^, 

dO = -dx =^ - dxj 

77 ^ -*' := 77*^77 = yf » 

We have here a case in which the plane and tensor are 
constant, and the angle alone varies. It will be observed that 
a unit- vector in the first power can only vary in direction, 
its tensor and its angle (as a versor) being constant by 
definition. 

dQ = lim . n{{q + n^^dq) (r -f- n-^dr) — qr} 
w = 00 

,, = ,, , n {n~^dq . r + n~^qdr 4- n~^dqdr} 
„ = „ {dq . r 4- qdr + n~^dqdr). 

Therefore, c?Q = c? . g'r = rfg . r + qd/r. 

If c be any constant quantity, evidently 

d . cq ss cdq ; d . qc = dq , c, 

122^ q = P', 

where j8 is a constant vector. 

dq ^dp'^d (T^U^O = ^ (ft'XJ)^) 
„ = db' . U^ + 6' . dJjp', 12P, 

„ = (119^ and 120°) 6' log, bdx ,VI3' + b' .^ Vfi'^^dx 



„ :=(log.b + ^Vfi^^dx. 
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123^ Q = ?-^ 

By 46^ qq-^ = 1 ; 

therefore, 121°, q<^~^ + ^ • q~^ = o« * 
q~^Xy q~^qdq~^ -^ q~^dq , q~^ = o, 

and d , q~^ =s^ — 9~^^ •2'"^* 

124^ Q = qK 

Squaring, Q2 = g, ^ 

dq = QdQ -{- dQ.q=:q^d.q^ -^ (d. q'') q\ 

q-^ X and X K^'*, 

q-^ (dq) Kg* = (d . q') Kg* + g"* (<^ • g*) ^^Kg* 
= „ + Tg . g-* ((^ . g*). 

But, 49° (6), (1), 

Tg . g-* = Tg*Ug-* = Tg^UKg* = Kg». 

Therefore, 

g-* {dq) Kg* = (t^ . g*) Kg* + Kg* (rf . g*) 

= 2Sg* (d . g*) - {((^ . g*) Vg* + Vg* {d . g*)} . . (1) 

Again, 

dq^d (q'q^) = (d . g*) g* + g* ((^ . g^) 
„ == 2Sg* (e^ . g*) + {((f . g*) Vg* + Vg* ((/ . g*)} ... (2) 

Adding (1) and (2), 

dq -^-q-^idq) Kg* = 4Sg* (d . g^), 

and d ^t„ <^+g"*WKg ^ 
ana a.g jg-j 

125**' The symbols S, V, and K are commutative with d. 
For g = Sg + Vg. 

dq = dSq + cTVg. 

But, since c^ is a quaternion, 

dq = Sc?g + Vc^. 
Therefore, rfSg = Scig ; dVq = Vrfg, 44^ 

Again, Kg = Sg — Vg ; 

therefore, c?Kg = dSq — dVq = S<ig — Ydq = Kcfg. 
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126°. To find dlq and dl^p, 

11\ = qKq ; 
2Tgcrr^ = lim-. n{{q + n-^dq){Kq + n-^dKq) — qKq] . 

„ =s „ . {qdKq + c?5' . K^- + n'^dqdKq\ 

„ = gKc^ + dq . Kq, 

« (62°, (l))qKdq + K . qKdq^ 

= ( „ (2)) 2S . qKdq, 

= („ (3)) 2S (Kg , rfg). 

Therefore, 

^jTg ^ g ^g' ' ^ — s ^ ' ^y ::^ S ^^y • "^^ = S ^ • 
^ Tg Tg Tg Vq Vq' 

or, ^? = S^. 

Tgr q 

Similarly) if q degrade to a vector, 

dTft Q^ 

^Tp-%' 

127°. To find dUq. 

TqVq^zq; 

Tq . dUq + cTTq . JJq = dq ; 

T q , dUq dTq . Vq _ d^ . 

TqUq ^ TqVq q ' 

dUq _.dq_ d^ 
Vq q Tq' 

„ =^-S^,126^ 

9 
Therefore, dUq = V ^ . Ug. 

128°. By the last two examples, 

dq = dTq . JJq + Tq . dUq, 



q Tq ^ Vq' ^ ^ 

„ = S^+V^ (2) 

q q ^ ' 



or, 
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129°. TYqVYq = Yq, 

TYq . dUYq + cTIYq . VYq = dYq = Ydq, 125°, 

„ = \pL JJYq - S^ . VYq, 126% 
dUV^ = V^^^ . U Vg ; » - 0) 

dVYq^ Ydq^ .^. 

VYq Yq' •..••• V-y 

Since -_„ ^ = a unit vector, it follows that 
VYq 

Q dVYq 

and, consequently, that dVYq±VYq. Therefore the diffe- 
rential of the axis lies in the plane of the quaternion. 

If the plane (and consequently the axis) of the quaternion 
be constant, the quaternion and its differential are coplanar, 
and dJJYq vanishes. Conversely, if 

dVYq=^o (3) 

the quaternion and its differential are coplanar. 

Equation (3) is the condition of coplanarity of a quaternion 
and its differential. 
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CHAPTER XII 
scalab and vector equations 

Section 1 
Scalar Equations 

130**. If we have two given equations, 

Spa=:o ; Sp)8 = o; (1) 

it is evident that pj being JL to both a and ft, is parallel to 
Va)8 ; or, . 

p = xYap, (2) 

It is equally evident that x^ being an indeterminate scalar, 
the vector p is indeterminate. 

p would still be indeterminate were the given equations 

Sap = m ; Sy^p = n. 
For, in this case, 

S (na — mp) p = o, 

which shows that p is perpendicular to {na — m^), but shows 
nothing more. The conclusion is, that a vector cannot be 
determined from two scalar equations ; a conclusion that might 
have been arrived ^t from the consideration that a vector 
depends upon three scalars. 

131**. A vector can always be determined from threo 
scalar equations. For, let the three given equations be 

Sap = I ; S)Sp = m ; Syp = w (1) 

Then my - wj8 = ySySp — pByp = V . pYPy ; 

na — ly ^ V . p Vya ; 

Z)8 — ma = V . pYap, 



Therefore, 



V . pTVPy = Imy - nip, 

V . pmVya = mna — Imy, 

V . pnVa^S = nip — mna ; 
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and V . p (IV^y + mYya + nVa^) = o. 

Therefore, p || (^V^y + rnVya + wVa^), 

or, p = X (P^Py + mYya + nVayS). 

S . aX. 

Sap = xSa {lYPy + mYya + nYap) 

„ = xlB . aY/3y + xmS . aYya + ajnS . aYajS 

„ = xl^a^y. 

But Sap ^ ^ ; 

1 



therefore, x = 



Sa/37' 



therefore, ^ ^ Z Y^y + mVya + nYa^ ^ ^ _ .(2) 

This value of p satisfies the three given equations, but no 
other value of p will satisfy them. For, suppose the three 
equations to be satisfied by pi and p2. Then 

Sapi = o ; Sap2 = o ; 

therefore, S . a (pi — pg) = o. 

Similarly, S . )3 (pi — P2) = o, 

S . 7 (pi — P2) = o- 

Therefore the vector (pi — P2) is at once perpendicular to 
a, to /3, and to y. But no real and actual vector can be per- 
pendicular at the same time to three diplanar vectors, which 
a, )8, y are supposed to be. Therefore (pi — pa) vanishes ; 
therefore pi = pa- Therefoi-e, the three given equations can 
be satisfied by one, and only one, value of p. The principle 
that no real and actual vector can be at once perpendicular to 
three diplanar vectors may be put in symbols as follows : 

If Sao- = o ; S^o- = o ; Syo- = o ; 

then o- = o, if Sa^y J o. 

Conversely, if a- be an actual and real vector ; then 

Ba/3y = o. 
Had the three given scalar equations been of the form, 

BPyp = p ; Syap = q ; Sa)9p = r ; . . . (3) 
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we shoald have had, 

pa = ttS)9yp, 

qfi = ^yap, 

ry «ss ySa/Sp ', 

pa + qp •¥fy = aS/3yp + /3Syap + ySa^p = pSa/3y, 8P, 
and p_a^±QB_±ry ^^^ 

132°. A vector, p, cannot be eliminated by fewer than four 
equations. 

If we are given only three equations, 

Sap = h ; S)8p = I ; Syp = m ; 

we have, 131° (2), 

SapV^y .+ S^pYya + SypVa)8 - pSa^y = o . . (1) 

an equation into which the vector p enters once. Now, suppose 
we are given a fourth equation, 

S8p ^ n. 

Then, if we multiply (1) by 8 and take scalars, we get 

BSVPySap + SSVyaSySp + S8Va/3Syp - S8pSa)8y = o, 

SapS^ya - SySpSy8a + SypSSa^ - S8pSa/3y = o, 

AS)3y8 - ZSy^a + mS8a)8 — wSa^y = o . . . (2) 

an equation into which the vector p does not enter. 

Section 2 
Linear Vector Equations 

133**- The general form of a linear vector equation is 
defined to be 

<^p = S)SSap + V.^P,* (1) 

where p is an unknown vector, q a known quaternion, and 
a = (tti + ttg + . . a„), /? = (/8i + /Sg + • • )^n)» known vectors. 
The symbol <t> stands for * function,' and ^p is some vector 
coinitial with p. 

Similarly, if cr be any other vector, 

ifxr = SySSao- + V . ^(T (2) 

* For proof, see Molenbroek, pp. 188-191. 
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If we interchange a and p^ and introduce Kg instead of q, 
we have ^ 

<l>'p = 2aS)Sp + V . {Kq)p .... (3) 

</>'o- = 5aS)So- + V . (Kg) <r . . . . (4) 

134**. We have now to show that 

Sp<f>'(r = Scr^p. 
Sp<^'<r = ISpaB^a- + S . pV . (Kg) <r 

= SSpoSySo- + Sp (Kg) c. 
Sci^p = SSo-ySSop + S . crV . gp. 
S<rySSap = SpaB/3a: 

S . crV . gp = So-gp = S.o- (Sg + Vg)p=:S(r(Sg)p + S . o-(Vg)p 
„ = SgSpo- + S . po-Vg = S . p (Sg)(r - S . p(Vg)(r 
„ =S.p(Kg)<r. 

Therefore 

' S(r<t>p = 2SpaS)3(r + Sp(Kg)cr = Sp<^'(r ... (1) 

Functions which, like ^ and <^', possess this property are 
called Conjugate Functions. 

The function ^ is said to be Self-conjugate when, for any 
two vectors, p and <r, 

S(r<^p = Sp<^ (2) 

135^ Since )8Sa (p + o- + . .) = )8Sap + ^SSao- -f . . , 
and V.g(p + o- + ..) = V.gp4-V.p<r-f ..; 

.S)SSa(p + o-+..) + '^-^(p + o'+--) 
= (SiSSap + V . gp) + (2)8Sao- + V . go-) + . . ; 

or, </>(p + o- + . . ) = <^p + <^cr + (1) 

Hence, if ps= 0- = <fec. 

</>a;p = x<f}p (2) 



dfjip = lim . n {<^(p + w "^ c?p) — <^p} = lim . n<f> 



dp 



9» ss 00 '/» ss 00 ^ 

= lim ,Kfin-^^=i ^dp • (3) 

Since ^p is a vector, 

d . P0P ^ pcf^p -{- dp , <l>p (4) 
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136°. Let <l>p = S (1) 

where </> and 8 are given. Then it is defined that 

P = «^-'8 (2) 

<^"* is a function which possesses properties corresponding to 
those of <t>. 

As a matter of convenience we write : 

<^<^-^8 = (^p = 8 ; <l>-^<t>p = Kf>'^S = p . . . (3) 
According as m J n, 






<^~^, <^, <^', <kc., are operators which may alter both the length 
and direction of any vector upon which they operate. Kfy^ is 
not to be confounded with the square of <^, — {<f>y, 

137°« We cannot enter here into the general theory of 
vector equations ; suffice it to mention a simple method for 
their solution suggested by Dr. Molenbroek (" Theorie, &c.," 
p. 245). 

Let the given vector equation be 

4>P=8 (1) 

Then we have at once 
S , X<f)p = SX8 ; S . /jL<l)p = S/xS ; S . v<j>p = Sv8 . . (2) 

where X, ft, v are any three noncoplanar vectors. 
But, by 134"*, we also have 

S . p<l>'\ = SX8 ; S . pify'p. = S/x8 ; S . p<i>'v = Sv8 . . (3) 

Therefore, 131° (2), 

^ S X8Y . <^V<^V + S/A8Y . 4>'vti>'\ + S1/8Y . ii>'\4>'p . .^ 

As an example, let 

Yapp = 7. 
Then, 78°, 

^p = y = YapjS = a8/3p - pS/?a 4- ^Sap ; 

and, 133° (3), 

it>'p = ^ap - pSK^a + aSy&p 

„ = )SSap — pSfia. + aSySp = ff>p. 
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Since a, )3, y are any three vectors whatever, we may select 
them to represent respectively the A, /i, v of equation (2). 

Hence, SX8 = Say ; S/aS = S^y ; Sv8 = y^ 
<t>'X = <t>'a = <^a = Va2^ = a^fi ; 
^^fi = ff>'fi^<f>P = Va^2 ^ ^«a . 
<^V =: <f>'y ^ <^y == Vay)S. 

V . <^><j!»V = p^Y . aVay)S=/32Va (ay)S - Say^) 

= a?pWyP - /32Say)8 . a. 
„ = al3^^afiy - a^y^sv^y ; 

V . <f>'v<t>'\ = aW(Vayl3,p)=aW{(ayl3 - Say/?)/?} 

„ = a2)32 Vay - ^Sa^Say)^ = /Sa^Sa^y - a^)^*^ Vya ; 

V . </>'X<^V = a2)32V)8a = - a2)32Va)S. 
S . <^'X0V<^V =:&{a^l3. P^a .Vay^) = a^^^^S . ^aVay)8 

= a2)82S)Sa (ay)3 - Say)3) = a^fi^SafiBafiy. • 
Therefore, (4), 

(g/ySyg + $a^S0y) Sa$y - g^j^ (SayViBY + S^Yya + PTyVajS) 
" " g^i3''«g/3Sg37 

g'jB«(g-»S7g + $-'8Py) Safiy-a'$' . ySapy ggo m 

g-'Syg + 0-^S$y~y ^ 
Safi 
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CHAPTER XIII 

illustrations in quaternions 

Section 1 
Plane Trigonometry 

138**. The simple relation between the three vector- 
jBides of a triangle, fig. 31, 

a + i8 + y = o, 

conducts at once to the three funda- 
mental equations of plane trigono- 
metry. 

For, since — y = a + i^, 

or, c« = a« + ft^ - 2a6 cos C . . (1) 

It will be observed that ACF is 
the angle between a and /S, and that 
(tt - ACF) = zl C. 

Operating upon — y = a + )S, with S . y x , 

-y«=Sya+ SyA 
Hence, c^ = ca cos B + 6c cos A ; 

or, c =^ a cos B + 6 cos A. ... (2) 

Operating with V . fi x, 

- VySy = V)3a + V^2 . 
or, Vy)8 = V)8a ; 

or, TVy)8 . U Vy/3 = TYfia . UV)3a = TV)8a . UVy/8 ; 
Therefore, TVyfi = TV/?a ; 
or, c sin A = a sin C (3) 

It will be observed that JJYy/3 = TJY^a. 




i 
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139". Let z. C = 90". Then, 

a a 
Taking the scalars, 

- 1 =S:^ + St = f cosCBE= -icosB ; 
a a a a 

or, cos B = — (1) 

c 

Taking the vectors, 

o = V^ + V7 = TV^ . UV^ + TV ^ . VY^ 

a a a a a a 

= TV^ • UV^ - TV-X . UV ^ 



a a a 



„ = _ sin CBE = 6 — c sin B ; 
a a 

or, sin B = - (2) 

c 

140 °> To find the sine and cosine of the sum of twx> aogles. 
Let a, py y be three coinitial, coplanar unit- vectors, fi lying 
between y and a ; and let Z. AOB = ^, Z BOC = <^. Then, 

Z = cos (6 + <^) + € sin (0 + <!>), 
a 

H = cos d> + € sin <A. 
/8 ^ ^ 



^ = 



But 



therefore, 



= cos + € sin 0. 
a P a 



ooe (tf + ^) + c sin (9 + ^) = (oos ^ + e sin ^) (oos + c sin 0) 

M =co8^oo80 + e (sin ^ cos + cos ^ sin 9) — sin ^ sin $. 

Equating successively the vector and scalar parts, 

sin (^ + 0) = sin cos ^ + cos ^ sin ^ . . (1) 

cos (^ + <^) = cos cos ^ — sin ^ sin <^ . . (2) 

To find the sine and cosine of the difference of two angles, 

K 2 



But 
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Let the angle between y and a be ^. Then, 
^ = cos (^/r - tf) - c sin {ilf-O), 

y 

" z=: COHO + € Bin Of 

a 

— ^ COS ij/ — € sin ^. 

y 

y « y' 

Therefore, as above, 

sin (^ — ^) = sin ^ cos tf — cos ^ sin tf . . . (3) 
cos (i/f — tf) = cos i/r cos tf + sin ^ sin ^ , . . (4) 

Section 2 
Spherical Trigonometry 

141**. Let ABC, fig. 32, be any spherical triangle, its angles 
and sides being, as in the case of a plane triangle, A, B, C, 
a b c. Let the sphere be a unit-sphere, with O as centre, and 
let 6a = a, OB = )8, OC = y. Let L, M, N be respectively 
the positive poles of AB, BC, AC; L,M, and N corresponding 
to the points P, Q, R of 75°. 

Let OL = X, CM » //, ON = v. 
We evidently have, 

SZ =cos6 ; S^ = cos a; S^_=cosc; 
a p a 

Y Xz=z V sin 6 ; ^?^= ft sin a ; 
a p 

V _ = A. sin c ; 
a 

S . V ^ V c =i sin c sin a cos B ; 
p a 

PIG. 32. Y. Y y V ^ = sin c sin a YfxX 

p tt 

= p sin c sin a sin B. 
Since -=^-' (^) 

a pa 
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we have, hy 60° (1), 

S^ = S^S^ + S.Vrv^;. . . (2) 
a p a pa 

or, substituting the above values of these symbols, 

cos h := cos c cos a + sin c sin a cos B ; . . . (3) 

one form of the ordinary fundamental equation of spherical 
trigonometry. 

142®. Taking the vectors of equation (1) of 141**, 

V^=S^V^ + S^V^ + Y.V^V^, 60°(1), . (1) 
a a p p Cl pa 

and substituting the values of these symbols given in 141°, 
V sin 5 = /x cos c sin a + A. sin c cos a + )8 sin c sin a sin B . (2) 

Let p = OP be any unit-vector. Dividing each term of 
this equation by p, taking scalars, and rearranging the terms, 

sin c sin a sin B cos PB 

= sin 6 cos P"N" — sin c cos a cos PL — cos c sin a cos PM (a) 

Let P coincide with M. Then, 

cos MB =5 o ; cos MN = cos C ; cos ML = — cos B ; 

cos MM = 1 ; and 

sin b cos C = cos c sin a — sin c cos a cos B. . . (3) 

143°. It is evident that if A and M be joined by the arc of 

a great circle, this arc will cut BCat right angles in a point P, ; 

or APi is the arcual perpendicular let fall from A uponBC. 

Let BP2 and CP3 be respectively the arcual perpendiculars 

let fall from B on CA and from C on AB. Let the point P, 
equation (a), coincide with A, and we have 

cos AB = cos c ; cos AN = o ; cos AL = o ; 

cos AM = — sin AP, ; 

and sin APj = sin c sin B. -^ 

a* -1 1 • T»x» sin c sin a . -d I y,v 

Similarly, sm BPj = : — 7 — smB L . , (1) 

sin CP3 = sin a sin B J 

Since Yafi = X sin c and Yfiy = fi sin a, 

V , Va^V^Sy = sin c sin a Y\fi = — )S sin c sin a sin B. 
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But, 80° (1), V . Va)3V)8y = - /3SajSy. 

Therefore, SajSy = sin c sin a sin B . . . (2) 

It may be similarly shown, by using V . V^y Vyaand V . VyaVa)8, 
that sin a sin 5 sin C = Sa^y =: sin 5 sin c sin A. . (3) 
Therefore, 

sin a : sin b : sin c = sin A : sin B : sin C . . (4) 

The equations of (1), therefore, become 

sin APi = sin b sin C 

sin BPj = sin c sin A )> (5) 

sin CP3 = sin a sin B 



} 



144**. Let the point P, equation (a), coincide with I, 
the centre of the small circle inscribed in the triangle ABC ; 
and let the arcual perpendiculars let fall from I upon the 
sides cut the sides, BC in P,, CA in Pj, AB in P3. Let 

r = IPi = IP2 = IP3. Then, bearing in mind that the arcs 
(of great circles) IP3, IP], and P2I, produced, pass through 
L, M, N respectively, we have, from equation (a), 

sin c sin a sin B cos IB 

= sin b cos IN — sin c cos a cos IL — cos a sin c cos IM. 

Since IBP3 is a right-angled triangle, we have, by equation (3) 
of 141°, 

sin c sin a sin B = Sa^y, (2) of 143° ; 

cos IB = cos r cos P3B = cos r cos (« — ft), 

where s = ^ (a + b + c) ; 

cos IN = cos (^ — r) = sin r ; 

cos IL = cos (^ + r) = — sin r ; cos IM = — sin r. 

Therefore, 

cos r cos (3 — b) Sa/?y = sin r {sin b + sin (c + a)} 
„ =2 sin r sin s cos (ft — b) ; 

f^.Ti ^ = ^^Py ^ ^^^ ^ ^^ ^ ^^^ ^ . . . (1) 
2 sin « 2 sin s ' • - \ / 

145°. If the points L, M, N, ^g, 32, be connected by arcs 
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of great circles, we obtain a triangle exactly corresponding to 
PQR of 75°. Consequently, 

oc 

and ^g'g = £-^ = (,r- zN). 



.J OC OB OC 

1.^0 w, 



OBOA OA' 
Therefore, » 

v'V^^A"^ = - 1 (2) 



As a verification, multiply (2) into OA. Then 



- OA = i/'V"^'^- OA = i/'V''- OB = v^N. OC; 
„ =v^'-coA) .OC=-OA. 

Equation (2) may evidently be written, 

-OAqCOB^_, 
OC OB OA 

146**. Since equations (1) and (2) of 145° are perfectly 
general^ we may write for any triangle, ABC, 

^B^cA _ yK,r-C) (I) 

yC^B^cA ^ _ 1 (2) 

the fundamental quaternion equation of Spherical Trigonometry. 
As the left member of (2) reverses the direction of any vector 
it operates upon, by causing it to revolve successively through 
the three angles of the triangle in a certain order, it is evident 
that the sum of the vector-angles of a spherical triangle, taken 
in a certain order ^ is equivalent to ir. 

If the radius of the sphere becomes infinitely long, the 
triangle ABC becomes plane, and y = yS = a. Consequently 
(2) becomes 

yjC OcB^cA __ ^k + B + C)»_ _ ^ ^ y^ ' 

Therefore, A 4- B + C = ir (Dr. Odstrcil). 
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147^ Reverting to (1) of 146^ 

(cos B + jS sin B) (cos A + a sin A) = — cos C + y sin C, 

or, 

CO j A cos B + asinAco6B + )3 cos A sin B + fia sin A sin B 

= — cos C + y sin C (1) 

Taking the scalars, 

cos C = — cos A cos B — sin A sin B . Sjffa 

„ = — cos A cos B + sin A sin B cos c . . (2) 

another form of the fundamental equation of Spherical Trigono- 
metry. 

148®. Taking the vectors of equation (1) of the last article, 

y sin C = a sin A cos B + )8 cos A sin B + sin A sin B . Yfia (1) 

Let P be any point upon the sphere, and let T be the foot } 

of the arcual perpendicular let fall from P upon AB ; PT 
being considered as positive when P and C lie upon the same 
side of AB, but negative otherwise. Then, dividing each term 
of (1) by p = OP, and taking scalars, 

sin A sin B sin c sin PT 

= sin C cos PC — sin A cos B cos PA— cos A sin B cos PB (b) ;' 

If P coincide with B, ; 

sin C cos a = cos A sin B + sin A cos B cos c . . (2) 

149®. Let Q be the centre of the small circle circumscribing 

the triangle ABO ; let QA = QB = QC = R ; and let QT 
be the arcual perpendicular from Q upon AB. Let the 
spherical excess be E, and A + B-hO=:2S; so that 

2S==A + B + C = -jr-fE. 

Then, if the point P, equation (b), coincide with Q, that 
equation becomes 

sin A sin B sin c sin QT 

= sin sin QO— sin A cos B cos QA— cos A sin B cos QB (1) 

Since QA = QB = QC, it is easy to see that 

2zQBT = A + B -0 = 2(S - C), and zQBT = S-C; 

aad since BTQ is a right-angled triangle, we have, by (4) of 
143°, 

sin QT = sin R sin QBT = sin R sin (S - 0). 



;» 
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Also the right member of equation (1) is 

cbs E{sinC-sin(A-fB)} =cosR{-.2 cos ^-t^ sin (S - C)} 

„ =2 cos R sin ^E sin (S — C). 

Therefore equation (1) becomes 

sin Asin Bsin c sin B. sin(S — C)=2 cos R sin ^ E sin (S — C) 

J . -D sin A sin B sin c sc%\ 

and cot R s= -— : — p= (2) 

2 sin i E ^ ' 

150**. Tiet CO' be a perpendicular from C upon the plane 
AOB ; to find y' = 00', the orthogonal projection of y upon 
that plana 

y = y-C^=y + Asin OOB. 

But sin COB = sin CP3 = sin a sin B, (5) of 143*^. 

Therefore, substituting for y its value in equation (1) of 148®, 
we have 

,_ g sin A COS B + ^ oofl A sin B — X sin A sin B sin c A sin c sin a sin B 

sin sin c 
__ tt sin A COS B 4- 3 cos A sin B ^-v 

" ri^O . (1) 

151°. The three arcual perpendiculars, APuBPa, CP3, let 
fall from the comers of a spherical triangle upon the opposite 
sides are concurrent. 

CP3 and AP, must intersect in some point P, OP being 
consequently thejine of inter sect ion of the planes COP3 and 
AOP,. Draw OP3 = p^ and OPi = p,. Then, y', the ortho- 
gonal projection of y on the plane AOB, and a', the orthogonal 
projection of a on the plane BOC, lie respectively along pj 
and pi. Let pg = yy, pi •= za! \ and let L, M, N be respec- 
tively the positive poles of AB, BO, AC. Then, by 79°, 

ajOP = V. Vyp^Vpia. 

sin C 

y cos A cos B / . ^ . , . v ., . 

„ = — ^ -, — >j (ft tan B -f r tan A) .... (1) 

sin C ' ^ ' 

Y _. 25 V ' — « ^^^ ^^^ B cos C + Vyg cos B sin C 

Sin A 

2 cos B cos C / . r« . \ X T>\ /nv 

= •»- . — . (i' tan C + X tan B) . . . (2) 

sin A ^ ' 



It 
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Therefore, (1) and (2), 

V. VYp.Vp,a = ?l^f ^'?*^-2-(;tiftanBtanO + ^X tan' B + vA tian A tan B) 
"^ "^ Bin sin A 

„ s ^y« cot A 8in 2B cot (a tan A + ^ tan B + y tan G) = X OP : 

... e yz cot A sin 2B cot C 
or, putting p for -^ , 



OP = /> (a tan A + )3 tan B + y tan C). 

If the expressions for the vectors along the lines of inter- 
section of the planes AOPj and BOP.,, BOP2 and COP3, be 
worked out, they will be found to be of the form : 

"qq z= q{a tan A + )3 tan B + y tan C), 
qpI = r (a tan A + )8 tan B + y tan C). 

Therefore, j9, q, r being scalars, OP, OQ, OR are parallel ; and, 
consequently, the terms of their unit- vectors coincide. There- 
fore the three altitudes, which pass through the terms of these 
unit- vectors, are concurrent. 

152°. What is the geometric signification of the symbol 
)8a"*y, when a, j9, y are vectors drawn from the centre of a 
unit- sphere to the corners of a spherical triangle, ABC % Let 
the sides, as usual, be a, 6, c, and let 

cos a = Sy/?-i = - S^y = Z ; 1 

cos h = Say"^ = — Sya = m ; > . . . . (1) 

cos c = S)3a~* = — Sa)8 = w. J 

Let it be supposed that Z, m, n are each greater than zero, 
or that each side of the triangle is less than a quadrant. 
Let 8, €, f be three vectors, such that 

8 = V)8a-V = Vya-ly8 1 

€ = Yy^-^a = VayS-V > .... (2) 

{ = Vay-»^ = V^y-^a J 

Then, 78^ 
V)8a-^y = ySSa-Jy - a'^SySy + ySySa"* 

„ = aSySy — )3Sya — ySa^, since a is unit- vector, 
,, = m^ -{• ny — la.\ 

and similarly for Vy)8~*a and Norf^^, 

Hence, 

8 = myS+ny — Za, 1 

c = ny + Za — m^, > (3) 

{ =: Za +w)3— wy. J 
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To find the lengths of these vectors, 
a* = — im = (mjS + wy — la)^ = — (Z2 + m2 4- ^2 - 2lmn). 

It will be found that c^ and ^ have each the same value. 
Therefore, 

T8 = Tc = T|; = ^/(P + m2 + n2 - 2lmn) = (say) « . . (4) 

This common length, t, is less than unity. For, let 

Then, since « = T8 = TVySa-^y, we have 

<2 + t;2 = (TV)5a-ly)2 + (S)Sa-Jy)2 = (S^a-»y)' - (V)3a-ly)« 

= T2y8a-V = 1. 

Now, 17 is different from zero, because the three vectors 
are diplanar. Therefore < < 1. 

Dividing the three vectors by their tensor, t, we obtain 
three unit- vectors : 



OD = t-^S = U8 ; OE = r^c = Uc ; OF = r^f = Uf, 

whose terms are the corners of a new triangle, D£F, upon the 
sphere. 

We have now to inquire what relation this new triangle 
bears to the original triangle, ABC. 

By (3), €-\-C=2la; 

Therefore, l-^€ + l-^C = 2a ; 

„ OA bisects the angle between the unit- vectors OE 
. and OF. Consequently, the point 

A lies upon and bisects EF. 
SimHarly, B „ „ „ „ FD, 

C „ „ „ „ DE. 

Fig. 33 shows the two triangles. 

To establish a relation between the sides of the two tri* 
angles, let 

EF = 2a' ; FD = 26' ; DE = 2c'. 

Then 

tJj€+ tJJ^=€ + i= 2la = 2a cos a, (1). 

Dividing across by a and taking scalars, 



t(a^ + S^^ = 2ooHa; 
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But S— = s51, since f? is bisected in A; 

a a 

therefore, 2/ S — = 2 cos a ; 



or, 

Similarly, 



a ^t cos a' "1 
b = t cos b' > 
c = < cos c' J 



(5) 



COS a = 

cos 

COS 

To establish a relation between a, )9 . • . c, {. From the 
equality of the angles EOA, AOF, <fec., we have at once 

a£ = fa ; )8f = 8)8 ; yS = cy . . . . (6) 

If we write the first equation as ca = af, 41°, and multiply 
both sides into a"^, we get 

c = afa~* ; 
a confirmation of 97°. 

Had we multiplied by a"^, instead of into a~*, 



= a ^ccu 



From the second equation of (6), multiplied into 0~\ 

Substituting the above value of f, 

B=^Pa-ha^' = ^€^ = q€q^ . . , . (7) 

a p 

Consequently, 8 is generated by the conical rotation of c round 
the axis of q, or fia~\ through 2/^q, 76°. A geometric illus- 

1^ tration of (7) will presently 

be given. 

Fig. 33 is the orthographic 
projection of a sphere upon a 
tangent plane at C. Conse- 
quently, C is the centre of the 
L circle KL. O is not seen, 
because the projection of OC 
upon the tangent plane is the 
point C. 

Let us introduce a new 
vector, 

X=?a-m)8=i (€-S), (3) . . (8) 
S . y X . 2SyX = Syc - Sy8 = (2) ByYafi-^y - Sy V/3a'V 
„ = Sya)8-V - Sy/?a-V = y^Safl-^ - y^S/Ja-* 
„ =±: y^Sa^-^ - Sa/3-^) = O 
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Therefore y ± X ; and if L be the term of the unit- vector of X, 
or if OL = TJX, 

^ = 1 (9) 

The point L lies to the right of EF, as shown in fig. 33, 
because (by definition, (8)) 2X is the diagonal of the parallelo- 
gram of which € and — S are the coinitial sides. 
X lies in the plane OAB, because, by definition, X = ?a — mjS ; 

ODE, „ „ X = i(c-a); 

therefore X lies along the intersection of the planes OAB and 
ODE ; or, L is the point in which the arcs BA and DE pro- 
duced meet. The arcs AB and ED produced meet in L', 
the point upon the sphere diametrically opposite to L ; and 
CL' is a quadrant. 
To find TX : 

X2 = (la - m/3)2, 

T2X= Z2 + m2 - 2lmn = t* - w«. 



cos*c 



But, (5), t^ = ^^^ ; n^ = S V = cos^c ; 

^ ^ cos^c' 

therefore, 

cos-^c' cos^c 

TX = ^/(«2 - n^) = < sin c' (10) 

Let P be the positive pole of BA, and let the arcs drawn 
from P to D, E, E cut the great circle through B and A in 
R, S, T. Then, since ED and EP are bisected respectively in 
B and A, and since the angles at R, S, T are right angles, 
from a comparison of the triangles BDR and BFT, TFA and 
ASE, we find that 

RB = BT ; AS = TA ; 

RB + AS = BA ; RS = 2BA .... (11) 

Also, DR = FT = ES ; 

consequently, PD = PE (12) 

Let F' be the point upon the sphere diametrically opposite 
to F, and join the two points by the arc of a great circle 
passing through P. Then 

PF = 7r-PF = ^- ^l + FT^ =|- DR = PD..(13) 
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We can now illustrate equation (7) geometrically. Since 

PF = PD = PE, 

P may be regarded as the interior pole of a small circle 
passing through D, E, F'. Let OE revolve conically round 
OP, its term moving negatively round the circumference of 
this small circle. When OE becomes coincident with OD, 
E will have revolved through an arc which, measured on the 
great circle through B and A, is 

SR = 2AB. 

Or, if P' be the positive pole of AB, OD is the result of the 
positive conical rotation of OE round OP', the axis of ^a" ^, 
through 2 Z. AOB = 2 Z. /Ja " ^ Hence, 



8 = ^a-^ (€)a^ 



-1 



Let the arc of a great circle passing through P and C cut RS 
in Q. Then, from the equality of the triangles PDC, PCE, 
the angles at C are right angles. Therefore, if PQ be pro- 
duced both ways, it will meet the great circle of which C is 
a pole in two points, K, K', which are respectively the nega- 
tive and positive poles of DE. 
Since Z DPC = /L CPE, RS is bisected in Q, and 

QR = ^SR = AB (14) 

Finally, since the angles at C are right, and LC is a quadrant 
(9), L is the positive pole of CQ, and 

1^ = 1 (15) 

L' is the negative pole of CQ. 

Let two new points, M and N, be now determined by the 
conditions, 

LM=^AB = QR1 
LN = CD 



(16) 



Then, since LC and LQ are quadrants, ND and MR are also 
quadranta. Also, since the angle at R is a right angle, M is 
the pole of RD and MD is a quadrant. But DK is also a 
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quadrant. Therefore D is the pole of KMN, and L LNM is 
a right angle. Hence, fig, 33, if 

Uk = ok, UA = OL, U/i = OM ; 

therefore, ^**"^'^~U^ ^^^^ 

The symbol )8a~ * y, therefore, represents a versor whose repre- 
sentative arc is KM, whose angle is KDM, and whose axis is 

OD. 

Since ^MDR = ^=ZL'BK, 

we have / KDM = ^ L'DR = ^ EDP . . (19) 

We may therefore write, 

^a- V = cos EDP + OD sin EDP . . . (20) 

153°. To investigate an expression for the area of a 
spherical triangle. 

Since F and F' are diametrically opposite points, every 
great circle which passes through the one passes through the 
other. If, therefore, the arcs ^l> and FE be produced, as 
shown in ^g. 33, they will both pass through F'. 

It has just been shown that 

ZL'DR = / EDP = zDEP ; 

therefore, 2L'DR = EDP + DEP • • («) 

But, since PD = PE = PF', 

we have L PDF' + L PEF' = L DFE = L F', 

or, PDF' + PEF — F' = o. 

Adding this null quantity to the right member of (a), 

2L'DR = (EDP + PDF) + (DEP + PEF) - F ; 
or, since Z. F' = Z. F, 

2L'DIl = EDF' + DEF - F 

„ = (,r - D) + (7r- E) - F = 27r- (D + E + F). 

Therefore, 

L^^'^l = EDP = UDR = -n- - H^ + E + F). 
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Now, since the radius of the sphere is unity, 
Area of DEF = Spherical Excess = (D + E + F) — tt = E. 
[N.B. — The two E's have different meanings, the first 
denoting one of the angles of the triangle, the second de- 
noting the spherical excess. It is with the latter only that 
we deal in what follows.] 

Therefore, Z. ^Sa " ^y = L'DR = ^ir — p, 

and, (20) of 152°, ^Sa" ^ = sin p + US cos ^ . . . (1) 

Now, ^a- ly = S)3a- V + V/Ja" ^ ; 

and, mtroducing the notation of 152°, 

V)8a- V = TV)8a- V • UV)3a- V = <U^> 1^2° (4) and (2). 

Therefore, Pa-'^y^v-^-tVh (2) 

Equating the scalar and vector parts of (1) and (2), 

cosiE = < (3) 

sin |E = V, 

But 17, or Sa^y, is positive or negative according as rotation 
from a to ^ round y is negative or positive, 96°. In general, 
therefore, 

sin ^E = + t? = ± Sa)3y .... (4) 

This equation is the quaternion expression for Keogh's 
theorem : The sine of half the spherical excess is the volume 
of the parallelepiped, the three edges of which are the radii 
drawn from the centre of the sphere to the middle points of 
the sides of the triangle (DEF). 

Bearing in mind that by 162° (3), 

/3 = im-'((;+8), I (5) 

we have, (4), 

sinP = Sa^y = SJi+il<f±^M±i) = |8!i, ... (6) 
^ '^' 8lmn Umn ^ ' 

and. (3), cosiE=i^<; . ... . . (7) 

therefore, tanp=^^ (8) 



I 



I 
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But, since m = - Sya, (1) of 152^ 

42mn = - 4n?Sya = - S (2ny . 2Za) = - S (8 + c) (c + f ), by (5), 
„ = -S(€2 + cf +{S+8€)=r'-S(€i;+CS + 8€),by(4)of 152^ 
Therefore, 

+o« i-p— .§M_-- S8€(; .Q^ 

S^^^^ . . (10) 



1 _ sUcf - SUf8 - SU8*' ' * * 

a general expression for the tangent of half the spherical 
opening at O of any triangular pyramid, ODEF, whatever be 
the lengths of its edges, T8, Tc, Tf. 

Applying equation (9) to the triangle ABC, we have at 
once, 

taaiB = ^^ rinasinftsinO , by (4) of US** . . . (11) 

1 — S/3y — Sya — Sa/5 l+008a + 008& + 008C 

154**. In (20) of 152** we obtained a versor whose angle was 
half the area of the triangle DEF, (1) of 153°. To obtain a 
versor whose angle is the area of this triangle, we have only 
to take the negative square of equation (1) of 153°. Then 

- (/3a- ly)' = - (sin P + VS cos ^E)«, 
or, ^ 2 - = cos E - U8 sin E . . . . (1) 

Articles 152°, 153°, 154° are almost entirely from 
Hamilton. 

155°. The Chordal Triangle of a spherical triangle is the 
plane triangle formed by joining its comers by cords of the 
sphere. 

Let ABC be a spherical triangle such that 

ZC=: zl A+ Z B; 
then the chordal triangle is right-angled at C. 

For, draw an arc of a great circle from C, cutting AB in D, 
so that Z DAC = Z. DC A. 

Then, with the usual rotation for a spherical triang«e, but 
calling the three equal arcs, DA, DB, DC, <, we have 

1 + cos 2^ = 2 cosH ; 

and o = sin*< (cos CDB + cos CD A) ; 

L 
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adding, 

1 -h cos 2t = (cos2« + sin^^ cos CDB) + (cos'^^ + sin^^ cos CDA) 
„ =cos a + cos hj 141°, (5) ; 

— cos 2t + cos a -f- cos 6 = 1= OC^ = — y^ . 

Sa)8 - S/3y — Sya + y^ -_ q . 
S(a-y)(^^y) = o; 

therefore, (chord) CA J. (chord) CB, 

and the chordal triangle is right-angled at C. 

156°. To find the angle at which two opposite sides of a 
spherical quadrilateral meet when produced, in terms of the 
sides and diagonals (Gauss). 

Let ABDE, fig. 33, be the quadrilateral, and let BA and 
DE produced meet in L. Let be the angle between <r and t, 
the axes respectively of ^a and cS ; the angle between the planes 
GAB and ODE, that is, the angle at L, being consequently 
(tt - $). Then, 84°, 

S . V^aVcS = S^SSSac - SiScSaS 

= cos BD cos EA — cos BE cos DA. 

Now, V/3a = <r sin AB ; VcS = t sin DE ; 

therefore, S . V^aVcS = sin AB sin DE . Sot 

„ = „ ,, . cos (tt — 6) 

„ = „ « • cos J-i. 

Therefore, 

T cos BD cos EA — cos BE cos DA 

cos Li = . 

sin AB sin DE 

Section 3 
The Triangle 

1 57°. The sum of the angles of a plane triangle is tt. 
Let € be a unit-vector at C, fig. 31, J_ the plane of the triangle 
ABC, such that rotation round it from Ua to Uy8 is positive ; 
let z BAD = A', i_ CBE = B', /^ ACF = C Then 

^'JJa = Uy3, 1 

^.A'^cc'xja = c^A'U^ = Uy, 

^cB'^cA'^C'Ua = ^^}Jy = Ua, 

^B'gCA gCC ^. gC (A' + B' + C) __ 2 — ; ^ 2»»r) 

where n is an integer. 
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Now, during the triple operation of version represented by 
^(A' + B' + c)^ Ua has evidently made one, and only one, com- 
plete revolution of a circle. Therefore n = 1, and 

^0(A' + B' + C) j_ ^(2ir) . 

therefore, A' + B' + C = 27r. 

But (A + A') + (B + B') + (C + C) = Stt. 

Therefore, A + B + C = tt. 

158°. The square on the hypotenuse of a right-angled 
triangle is the sum of the squares on the sides. 



Let the hypotenuse AB = y, BO = a, CA = p. 
Then —7 = + ^, 

y2 = (a + pY = a2 + /3*^ + 2Sai8 
„ =r a^ + Pi^ (since Sa)8 = o). 
Therefore, AB^ = BC^ + CA^. 



Given the base, the dif- 
ference of the base angles, and 
the rectangle under the sides, 
to construct the triangle. Let 
ATA, fig. 34> be the required 
triangle, O being the middle 
point of the given base A' A. 
Draw AB, making /. OAB ^ 
.given difference of base angles, 
and of such a length that 
OA . AB = the given rectangle 
under the sides, A'P . PA. Draw 
OB, OP, and let 




Fig. Zi, 



OA = a, OB = A 0P= p. 
The problem resolves itself into finding p. 
Since AT . PA = OA . AB, 



AT : A'O = AB : AP. 



L 2 
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Further, L OAT = L PAB. Therefore, the triangles OAT, 
PAB are similar, and 

p-|-a /3 — a 

a p — Ot 

p + ap — a j8 — a 

■— =-^- » 

a a 

(^-)a--)-  

Therefore p bisects the angle between a and )8, and r^ «= ahy 

since p^ = ^a*. Hence the construction. Bisect the given 
a 

base A'A in O ; draw AB making Z. OAB = given differ- 
ence of base angles, and of such a length that OA . AB = 
given rectangle under the sides ; and draw OB. Draw OP 
bisecting z. AOB, and of such a length that OP^ = OA . AB. 
P is the vertex of the sought triangle. 

Since (±p)^ =)Sa, there is another solution of the pro- 
blem. Produce PO untH OP' = OP, and P' will be the vertex 
of another triangle, AP'A', which it is easy to show fulfils the 
given conditions. 

The four points, A, P, B, P', are concyclic ; C, the centre of 
the circle passing through them, lying upon the circumcircle 
of the triangle AOB. 

Section 4 
The Circle 



ISO"*. Let OA = a, OB = jS, 00 = y, be any three 
vectors. Then, 



therefore, K°+l= '^ + 1. 



/8- 
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But k^±i = e:^±^ = ^:L_. 

and _^±1=__^; 

therefore, -^^i — ~ /q^ \-i .... (1) 



SimUarly, tli^' = _^, .... (2) 

Adopting the negative signs, dividing (2) by (1), and taking 
the conjugates, 

- ^a' y ~^^' ^~A3- CO' ' ^' 

whatever the vectors a, fi,y may be. 

Kow, in Ft. I., 29°, it was defined that 

where O, A, B, C are any four coUinear points. Let O, A, B, C 

now be <my four points, --= and;^-^ being, consequently, qua- 

AJd CO 

temions. 

Definition, 

(OABC)=^|§ W 

is the Anharmonic Quaternion Function of the group of four 
points, 0, A, B, C, or o/* the (plane or ga/tiche) quadrilateral 
OABC (Hamilton). 

We may therefore write equation (3) as, 

^a-T^^ = (OABC) (6) 

If OA', OB', W be the reciprocals of OA, OB, 5U, fig. 35, 
(OABC)=Kri;=|±=K|g (g) 

In the particular case i^rhen A', B', C are collinear, 
(OABC) is a negative scalar. 
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_ 160°' I^ ^-A.', OB' be the reciprocals of any two vectors, 
"OA, OB, fig. 35, then A'B' || OT, the tangent at O to the 
circle passing through O, A and B. For, by 96**, 

OT = P (a - P) (- a) = a^P - h'^a. 



B'A' II OT. 



Therefore, 

If a circle be circamscribed to OA'B', the tangent to this 
new circle at O will be parallel to BA. 



161**. If any three coinitial vectors, OA, OB, 00, be chords 
of one common circle, the te rms o f th eir coinitial reciprocals, 

OA', OB', OC' are collinear, fig. 35. 

For it has been shown, 160°, that 
B'A' II OT, the tangent at O. And it 
may similarly be shown that C'B' || OT. 
Therefore A', B', Q' are collinear. 

The indefinite straight line A'B' is 
evidently the locus of the terms of the 
reciprocals of all the vector-chords of 
the circle which have O for origin. 

Conversely, if the terms of three 

vectors, OA', OB', OC, are collinear, 
their coinitial reciprocals, O A, OB, 00 

(if not parallel), are chords of one common circle, or the points 

O, A, B, C are concyclic. 

Let /. OAB = ^ ; /I BOO = </>. Then, since A', B', C 

B'C 
are collinear, rp^Ty-, is a negative scalar, — <, and 




Fio. 85. 



B'A' 

OA BC 



<o^«^) = li c^ 



= K 



AO^ CO 
AB CB 



B'C 
B'A 

CO 



. = K(-o = -<; 



= ' (- i • 



Therefore, 



AB \ CBJ CB 



»> 



and 



\ CBJ 
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Therefore, the quadrilateral OABC is inscribed in a circle, or 
the points O, A, B, C are coney lie. 

It is clear that for any circular group, O . . . C, we have 

uA0 = + u5? (1) 

AB - CB ^^ 

the upper or lower sign being taken according as the quadri- 
lateral OABC is uncrossed or crossed. And conversely, if we 
are given such an equation as (1), connecting a group of 
points that are not collinear, we know that the group is 
circular. 

162°. Let 

(oabc)=k|;£;=-i. 

From this equation it follows that A', B', C are collinear ; 
that O, A, B, C are concyclic ; and that A'B' = B'C. Con- 
sequently, 

i8-' = Hy-' + »-') (1) 

Th£ vector fi is defined to be the Harmonic Mean betiveen 
the ttvo vectors y and a. 
Multiplying 2p into (1), 

2 = fi(y-^ + a-i) ; and, ^ = ., ^ _, , 

Therefore, 

p_ 2 _ 2 ^ 2a , 

y (a"* + y~*)y ^~^y + l y + a ^ 

/? ^ 2 ^ 2 _ 2y 

a (a~^ + y~*)a 1 + y~*a y + a 

From (2) and (3), 

^y^P^^ (4) 

y + a y + a 

If E be the middle point of the chord AC, fig. 35, 

y + a = 20E = 2c, (5) 

and _y = ^=:7a (G) 

Therefore, as in algebra, the harmonic mean between any two 
vectors is the fourth proportional to their semisum and 
themselves. 



(2) 
(3) 
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B7 (5) and (6), 
^-* = "r-i(r+a) = (7)^(2«-a)-2l=5_?=2a-^-c 

ft-t _ 1 _ 2a o» _ /e- 



^ :: - c-^r- 



Therefore, |5 = |g, and EC = EO . EB, ... (7) 

or, EC is the mean proportional between EO and EB. 
Conversely, if any three vectors, EO, EB, EC, be in continued 

proportion, and we draw EA = CE ; the points O, A, B, C 
will form a Circular Harmonic Group. The points A, P, B, P', 
tig. 34, are an example of such a group. 
If (OABC) = - 1, 

(OBAC) = K:^, = 2K ^^^ = ^ • 



and (OBAC) = 



A'B' A'B' 

OBAC 
BACO' 



Therefore, taking tensors, 

OC . BA = i (OB . CA). 

Similarly, CB . AO = „ „ 

Therefore the rectangles under the opposite sides of an in- 
scribed quadrilateral are each equal to one half the rectangle 
under its diagonals, if (OABC) = — 1. 

Let F be the cross of the tangents at O and B, fig. 35. 
Then it is easy to prove that F lies upon AC produced. Simi- 
larly, the cross of the tangents at A and C lies upon OB 
produced. Therefore the diagonals, OB and AC, are Conjugate 
Chords, — each passes through the pole of the other. 

183®. If ABCD be a quadrilateral, plane or gauche, 

/ARPri^-^-? QP ^ ABBC CDDA ^ AB . BC . CD . DA 
^"^ ^""BCDA BCBCDADA BC^ . DA» ' 

or, 

i?a (ABCD) = AB . BC . CD , DA = continued product of the 

sides, , . , (1) 

where v^ = BC^ . DA^ is a positive scalar. 
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If the quadrilateral be plane and inscribed in a circle, the 
anharmonic function, (ABCD), 159° (4), is a scalar, wi, which 
is positive or negative according as the quadrilateral is crossed 
or not. Hence, in this case, (1) becomes 

AB . BC . CD . DA = ± mv2 = ± « . . (2) 

In general, the product of the successive sides of an ^-gon 
inscribed in a circle is a scalar if n be even, and a vector- 
tangent to the circle at the initial point of the n-gon if n be 
odd. 

164**. So me o f the equations of the circle ha ve be en given 
in 101°. If OE ^ € be any given unit- vector ; OK = ic, the 
vect or of any given point in the plane through E J. c ; and 

KA =5 a, a constant vector in that plane ; then 

(p-Kf = a?;Ht = l (1) 

is the equation of a circle passing through A, with K for 
centre. 

If T#c = c, these equations become 

/o2_2Sicp = c2-a2; S^=l .... (2) 

If O be on the circle, 

|t)2 - 2Sicf) = o ; UV/cp = 17 (3) 

where 17 is some other given unit- vector. 
The first equation of (3) may be written : 

S/o (jD — 2ic) = o ; 

therefore the angle of a semicircle is ^ tt. 

IBS**. Let OD = 8 be a diameter of the circle, fig. 35 ; and 
let DO produced cut C'A' in D'. Then, 161°, OD' = 8-^ ; 
and since A'D' || OT, if t be the vector along OT, 

Therefore, VrS - ^ = Vra " \ 

or, since tS" * is a right quaternion, 

T8-i = VTa-i, 
KtS- 1 = 8- V = KVra- 1 = - Vra- >, 

^^^ ^ = ^ (^> 

the expression for the diameter passing through O. 
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166^- It has been assumed that the tangent is perpendicular 
to the radius drawn to the point of contact. This may be 
shown by differentiating the equation, 

p2 - 2S/cp = o, (3) of 164^ 
Then 2Spdp - 2BKdp = o, 

S (p — K)dp ^ o. 

Therefore the radius drawn to the point of contact, p — jc, is 
perpendicular to dp, the vector-tangent. 

167°' I^©t OA = a be the vector of any point upon a circle 
whose centre is O, and let p be the vector of a variable point 
upon the tangent at A. Then, 77 being a given unit- vector 
perpendicular to the plane of the circle, 

Sa (p — a) = o, U Vap = rj,\ ... 

or, Sap=:~a2, UVap = i7, /• ' * ^^^ 

are the equations of the tangent at A. 

If the circle be a great circle of a sphere, equation (1) is the 

equation of a tangent to the sphere at A. 

Sap = - a« (2) 

is the equation of the tangent plane to the sphere at A, since 
it represents all the tangents that can be drawn at A. 

168°- From O, the centre of a given circle, draw a straight 
line, cutting the circle in A, to a given external point, E ; let 
T, T" be the points in which the tangents from E touch the 

circle ; and let TT' cut OA in D . Let OA = a, OD = 8, 

OE = €, and let p be the vector of a variable point in TT'. Then 
D and E are inverse points with respect to the circle, and 

OD . OE = 0A2 ; OD = -. 

Therefore, 8 = T8U8 = -Ue = "^^ (1) 

But o = S8 (p - 8), or, S8p = - cP. 

Substituting in this last equation the value of 8, (1), 

and Sep =s — a^ 
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Hence, if 97 be a given unit- vector perpendicular to the plane 
of the circle, 

Sep = - a2 . jjYep = 71 (2) 

are the equations of the chord of contact of the two tangents 
from E. 

If the circle be a great circle of a sphere, 

Sep = - a^ (3) 

is the equation of the polar plane of E. 

169^. The join of the points of intersection of two circles 
is perpendicular to the join of their centres. 

Let the circ les in tersect in A and A' ; let their centres be 

K and K' ; let KK' = y, AA' = 8. Then, 



(KA - yy = K'A2 = K'A'2 = (KA' - y)^ 
and S (KA . y) = S (KA' . y) ; 

S(KA'-KA)y = o, 

Sy8 := O. 

Therefore, y ± 8. 



Section 5 
Conic Sections • 

170**. To find the locus of a point such that the ratio of 
its distances from a given point and a given straight line is 
constant. 

Let F be the given point and QR the given straight line, 
fig. 36. Let P be a ny p oint, and_let PQ and FR be perpen- 

dicularto QR. Let FP = p ; FR = /^ , RQ = yv; PQ = xfi. 
This last assumption limits the locus of P to the plane con- 
taining QR which passes through F. Then, if e be a scalar 
representing the constant ratio, 

^ Tp ^_ TV ^ pV 

^ T.PQ^ ' "T'^.PQ ^V 



p2 = e2/jj2^2 



FP + PQ = FQ = FR + RQ, 

S . ft X . Sfip + xfi? = ft^ -I- yS/xv 

„ = ft*, since Sfiv = o. 
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Therefore, 
But 



2 2^ 



therefore, fi^p^ = e* (ji^ — S/ip)* (1) 

the general focal equation of a Conic Section, which is an ellipse, 
parahola, or hyperbola according as e = 1. 

The point F is a focus, 
and QR is the directrix. 

171°. To find the points 
in which the conic cuts /a, 

or FR, ^g, 36. 

Let xfi be substituted 
for p in the general equa- 
tion, and we get 




X = 



Fio36. 



1 +«' 

Therefore, 



or — 



1 -e 



FM = T^; FM' = -T^. 

1+6 1—6 

^ \1 - 6 1 + 6/ ^ 1 - e* ' 



hence, 



1 -e2 



l_-62 

2e 



T . M'M . L> 



Let T . M'M = 2m, and 



TyLt = FR = l-^w. 



e 



T.FM = 
T.FM' = 



T/x = (1 — . 6) m. 
T/x = (1 + e) ?w. 



1+6 
6 



1-6 



Let C be the middle point of MM'. Then 
T . CF = m - (1 - 6) w = 6m. 



T . CR = 6m + 



1-6^ 



m ^ 



m 

^ 

6 



m 



T. MR = m = 

6 



1 -6 



6 



m ; 
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Collecting these results, we have, for the ellipse and hyper- 
bola, 

OF =:zem^ CF ; 



CR 


= 


• 






FM' 


= 


(1 + 


e)m = 


FM; 


FM 


=r 


±(1 


— e)m 


= F'M' ; 


FR 


=; 


^'■ 


-6^ 

m 

e 


• 


MR 


^^ 


+ 1^ 


- e 

— m ; 





e 



the positive signs being taken for the ellipse, the negative 
for the hyperbola. 

For the parabola, e = 1, and 

a; = ^ or 00. 
Therefore the point M', and consequently C, is at infinity ; 
and FM = ^/x = MR. 

172**. To transform the focal equation of the ellipse and 
hyperbola into their central equation. 
Let the focal equation be written, 

as we are about to change the origin, and thereby change the 
meaning, of fi and p. 

Let CM = /x ; CP = p, fig. 36. Then, 

- 1 - e2 
hi ==:FR=— ^/x; 



Pi = FP = FC + CP = p — efi. 

Substituting these values of /aj and pi in the general focal 
equation, we get 

/xV - e^SVp = //.^l - e^) ; (1) 

the general equation of a central conic. 
This equation may be written, 

,.4(1 - 6-2) ^4(1 _ ^i) - P\ ^4(1 . ^2) ;• 
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But the quantity in brackets is of the same form as the 
right-hand member of equation (1), 133=". Therefore, if we put 

we get, as the equation of a central conic, 

Sp<^P = l (3) 

Let p be parallel to /jl, or xp = fi. Then 

If p _L /A, or S/x,p = o. 

Hence the coinitial vector <f>p is parallel to p when p is 
parallel to either the major or minor axis of the ellipse, or 
the transverse or conjugate axis of the hyperbola. 

173^' To find the points in which the conic cuts the line 
NN' drawn through C perpendicular to MM', fig 36. 

But in this particular case Sfip = o. Therefore, 

p» = /x»(l-e») (1) 

Let n be the tensor of p, and we have 

w^ = m2 (1 - e2) (2) 

and e^ = ^'---^ (3) 

Obviously, n^ in (2) is positive for the ellipse and negative 
for the hyperbola. Further, in this latter case, since c> 1, 



n 



= ±mx/(l - e^) 



gives an imaginary value for n ; or, the conjugate axis does 
not meet the hyperbola in real points. 

ON = CN' = 71, the square root of n^, without regard to 
sign ; and NN' isjialled an axis of the curve. 

The vector CN will be designated by v, for both the ellipse 
and the hyperbola. 

174°. It has been shown that, if p be the vector of a plane 
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curve, dp is a vector successive to p, aloDg the tangent at 
P, 113°. Differentiating the equation Sp<^p = 1 we get 

dSp<l)p = Sd (p<l>p) = S (dp . <f>p) + S (p . d<f>p) ^ o. 

But S (c?p . <t>p) = S (p . <l>dp) ; 

and S (p . d<f>p) = S (/a . ^<ip) ; 

therefore, Sp^ip = o. 

Now, since dp is parallel to the tangent at P, if CD (= tt), 
fig. 36, be the vector of any point upon the tangent, 

TT ^= p -\- xdp 
and dp := - (tt — p). 

X 

Therefore, Bp<t> (tt — p) = o = S (ir — p) <;^p, . . . (1) 
or, Sp^TT = Stt^p ^ 3p<^p =1. , . . (2) 

Equation (2) is the general equation of the Tangent of a 
central conic. 

Since tt — p is parallel to the tangent, equation (1) shows that 

<l>p = CV is perpendicular to the tangent, or parallel to the 
normal at the point of contact, fig. 36. 

175°. The locus of the middle points of parallel chords of 
a central conic is a straight line. 

Let any number of chords be drawn parallel to any given 
diameter, 2y, and let o- be the vector of the middle point of 
any one of them, 2xy, Then the vectors of the extremities 
of this chord, 

(T + Qcy l o" — a?y, 

are vectors of points upon the conic. Therefore, 

S . (<r + xy)<l>{(T + iCy) = 1, 

S . (o- — ocy) <f>((r '^ xy) = 1. 

Equating the left-hand numbers of these two equations, and 
bearing in mind that </> (o- + a^y) = ^o- + xtfry, 135® (1), (2), 

^(Tffjy + Sy^tr = O. 

But SyKJxr = S(r<^ ; 

therefore, S(r<^ = o. 

Now, a- lies in the plane of the conic. The locus, therefore, 
is that of equation (8), 99° — i.e., a straight line through the 
origin (C, the centre of the conic) perpendicular to <^y. 
Therefore the locus of the middle points of all chords of a 
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centml conic parallel to any diameter, 2y, is anotlier diameter, 
Bay 2r, which is at right angles to ^, or parallel to the 
tangent through either extremity of 3y. 

176°. By the last article, if p, be a diameter which bisects 
all chords parallel to ;j|, 

S^,*^, = o. 

But Si-i^^, = Sfii-ftv, = o ; (1) 

therefore fi, bisects all chords parallel to v, ; and aav, is 
parallel to the tangent at the term of ^i, so ^i ia parallel to 
the tangent at the term of v, . 

Diameters which possess this property are called Conjugate 
Diameters. 

177". The system 

p = Ya.y;Ta=l;Sa;i,=^Q,. ... (1) 
represents a plane ellipse, 6 being the eccentric angle and 
p, and Ya.fi (= v) the major and minor aiees, 105°. 
p = Va.''fi = Y (cos e + a SID $) /J. = Y ifi Qoa e + afi sin 6) 

„=ficosS + vsiae (2) 

Differentiating (1), 

S = ^"'"^''> (^> 

„ = Val^o",. = Ya. (cos + a Bin fl) ^ 

„ = V <aV sin e + a,i cos tf) = - /«, sin tf + V COS fl . . (4) 
Since the value of J in (3) (which is parallel to the conjugate 



of p, 176°) ia the value of p in (1), when 6 becomes (^ + ^ tr) ; 
it follows that any two expressions for p in which 6 differs by 
inr. represent conjugate diameters. For example, if we aub- 
I + ^tt) for 6 in (2), we obtain (4). 

. From (2) and (4) of 177°, 

J? = 4TV (^ cos fi + V sin fl) (- ,. sin + K cos ^). 

„ = iTYpy. 

ords, the area of the parallelogram circumscribing an 
,nd touching it at the extremities of conjugate 
'B is constant. 
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179°. Let DD' be any diameter of a central conic. Then, if 
E bo. any point upon the conic, DE and D'E are Supplemental 
Chords. 

Let C be the centre of the conic ; CE = p ; DD' = 28. 
Then, __ 

DE = 8 + p , ED' = 8 - p, 

and S . (8 + p) <^ (8 - p) = S . (8 + p) (<^8 - <j>p) 

= S8<^8 — S8^p + Sp(^8 — Sp<t>p' 
But 

— S8<^p + Sp<^8 = — Sp(^ + Sp<^8 = o ; 

and S8<^8 — Sp<^p = 1 — 1 = o. 

Therefore, S . (8 + p) <^ (8 - p) = o. 

Therefore, if c and ^ be two diameters parallel respectively to 
the supplemental chords (8 + p) and (8 — p), 

S€<^f = o. 

Therefore diameters parallel to supplementary chords are 
conjugate. 

180°. From T, any point exterior to a central conic, draw 
tangents touching the conic in P and R. Let C (as usual) 
be the^ centre of the conic ; draw PR, cutting CT in Q, and 

let GT = TT. Then the equation of the tangent, 174°, 

Ofj<f>7r = 1, 

is satisfied by the values of p for the points P and R. And this 
equation is also the equation of a straight line, 99°. It must, 
therefore, be the equation of the straight line passing through 
the points P and R — i.e., the equation of the chord of contact. 
Writing a- for p (to avoid confusion with the p of the conic), 
we have 

So-<^7r=l (1) 

as the equation of the chord of contact, or of the Polar of the 
point T. 

181°. To find the locus of T, the cross of the tangents, if 
the chord of contact always passes through a fixed point, A. 

Let <r be the vector of the point A. Then, since A lies on 
the chord of contact, 

Str^TT •= 1, 

and S7r<^o' = 1. 

M 
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Therefore, 99^, the locus of T is a straight line perpendiculai 

to ^cr — ».€., parallel to the 
tangent at the point where 
CA produced meets the conic. 

182^ The equation, 

p = ia + t-^P . . (1) 

represents a hyperbola, 102® ; 
a and p being unit- vectors along 
the asymptotes CY and CZ 
respectively, and t and<"* 
the Cartesian co-ordinates, 
^g, 37. 

For the tangent at G, 

or, 

^^ = a-<-«)3. . (2) 

If IT be the vector of a 
variable point upon r, 

at 
If IT = CY, 
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< " ^ (< — a;) = o ; or, a; = <, and CY = 2<a. 

If TT = CZ, 



i + aj = o ; or, a; = — t, and CZ ^ 2t' ^p. 



Therefore, 



GY = CY - p = «a - «- »^ = p - CZ = ZG . . (3) 

Therefore the intercept of the tangent between the asymp- 
totes is bisected in the point of contact. 

Obviously, any diameter, CG produced, bisects the inter- 
cept between the asymptotes of all lines drawn || the tangent 
at its vertex ; or, UQ = QW. 

183^ "From (2) of 182° it follows that, if any diameter, CG, 
be the intermediate diagonal of a parallelogram whose coinitial 
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sides, CA, CB, lie along the asymptotes, the other diagonal, 
AB, is parallel to the tangent at G. 

For, since CA + CB = CG = ta + f^P, 

we have CA =z ta ; CB = r>^. 



and BA = ta — t'^fi. 

But, 182« (2), ^^ = a - r2 )3 = r> {ta - ri/3) = r»BA. 



Therefore, BA || dp, 

184°* It is evident that if we complete the parallelograms 
CGYD and CGZD', DD' and CXJ will be conjugate diameters ; 
or, the asymptotes have the same direction as the diagonals of 
parallelograms whose adjacent sides are any pair of conjugate 
diameters. 

185^- Any diameter of a hyperbola, CG, bisects all chords 
parallel to the tangent at its vertex (G) ; for example, HP 
which is cut in Q by CG. 

For, let CP = va + v^^S. Then, 

Therefore, < (oj + y) = v = , 

X — y 

and aj^ — y* = 1. 

Therefore, for every point, as Q, determined by a, there 
are two points, R and P, determined by the two corresponding 
values of y, which values are equal with opposite signs 
(Hardy). 

Since UQ = QW, 182^ and PQ = QR, it follows that 
UP = RW, or, the intercepts of the secant between the 
hyperbola and its asymptotes are equal. 

186^' The area of the triangle formed by the asymp- 
totes and any tangent is constant. For, since CY = 2ta, 
CZ = 2^"*^, we have at once, 

V (2ta . 2t ~ *^) = 4Va)8 = constant vector-area. 

187°- The general focal equation of the parabola is, (1) of 
170^ 

/.y = (/x^ - S/i^)', (1) 

M 2 
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which may also be written, 

Sp { P—l'^'^ 4 2,.-> } = 1. 

Let ^p=P_^/*I^W (2) 

and the equation of the parabola becomes 

Sp (<^ + 2/t->) = 1 (3) 

Operating on equation (2) with S . /a x , 

S/i^p = S/xp — S/ip = o . (4) 

Therefore <^p, which is coinitial with p, is _L the axis of the ' 
parabola. 

S . p X| 

J 88°. Differentiating equation (3) of 187°, 

o = S (c^p . <^p) + S (p . d<f>p) + 2Qfi-^dp 
„ = S (p . <^p) + S (p . <^p) + 2Sp,->c?p 
„ = 2&p<f>dp + 2Sp,"^c?p, 
or, Sp<fidp + SpT^dp ^ o. 

If TT be the vector of any point upon the tangent, 

IT ^= p + xdpf 

and dp = ^. 

Hence, - {Sp<^ (tt — p) + S/*"^ (tt — p)} = o, 

and Spc^TT — Sp^p + S/A~^ tt — S/a"^ p ^ o, . . (1) 

the focal equation of the tangent. 
Since, equation (5) of 187°, 

Sp<l)p ^ 1 — 2S/x,~^p, and Sp^-Tr ^ S7r</>p, 

S,r(<^p + y.*-l) + S/t-»p=l, .... (2) 

another form of the equation of the tangent. 
Equation (1) is evidently equivalent to 

S (t - p) i<f>p + /*-') = o. 

But (tt — p) is a vector along the tangent. Therefore, 

<I>P + M--' (3) 
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is a vector along the normal ; and if o* be the vector of any 
point on the normal, its equation is 

or = p + a; (</»p + fiT^) (4) 



189°. Let PA be JL ft (= FR), fig. 38, and let equation 
(2) of 187^ be written, 

p =5 FA + AP = fT^^/xp + ij?<\>p. 
and 



Since FP = p, 
4>pA.ih (4) of 187^ ; this 
equation gives us 



FA = ft->S/xp ; 

AP = ftVp • • (1) 

Since tt in equation (2) 
of 188° is any vector 
drawn from the focus to 
the tangent, it may repre- 
sent FT = xp,. Substitut- 
ing this value of tt in that 
equation, we have 

a; =1 — SpT^p, 

Hence, 




Fig. 38. 



IT = FT = xp, ^ pL — pSp, ^p. 



MT = FT — FM = i/A - ftS/i-V = ift - ft"*S/xp 
„ = (by (1)) FM - FA = AF -f- FM; 
therefore. 
Since 



MT = AM. . . 

FT = pi — pT^Spipf 



(2) 



we have (FT)' = 0* - /*-' S/^)" = /*' 2/i.^/ifl + S V 



Therefore, 



„ = (m'-Sw)* = ^», (1) of 187°. 
FT = FP 



(3) 



Consequently, if PD be a line parallel to the axis, meeting 
the directrix in D, the tangent PT bisects the angle FPD ; 
and FD is perpendicular to, and is bisected by, the tangent. 
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By (3) of 188® (if>p + /*""*) is a vector along the normal. 

Therefore, _ 

y(<f>p + fi,-^) = PN = PA + AN 

„ = — aiVp H- Zfh (1). 

Therefore, (y + ft^) <^p = (— y + ^t*-^)!*-'^ ', 

» y = — /*^ ; y = V ; 

» ^ — 1 • 

ii NA=,. = FR ' (4) 

Further, since NA + AP = NP, 

NP = ft + /iVp = FR + AP = FR -^ RD = FD, . . (5) 

and 

i (/t + /iVp) = i^D = FB = FM + MB. 

Therefore, MB = i/iVp, (6) 

and MB is parallel to and equal to half AP. 

It follows from (4) that the subnormal of a parabola is 
constant. The figure FDPN is evidently a rhombus. 

190^* To transform the focal equation of the parabola to 
the equation with the vertex for origin ; let the focal equation 
be written, 

as we are about to change the meaning of both /x and p. 
Then, _ 

^1 = FR = - 2MF = — 2/A, 
Pi = FP = FM + MP = p - fi. 
Substituting these values of /ij and p^ in equation (1) of 187®, 

p^ — 4S/AP — /jT^S^fxp = o, . . . . (1) 

the lequation of the parabola with the vertex for origin. 
This equation may be written, 

Sp (p — fi'^^fip — 4/x) = o. 

Let fl>pz= p — fjT^SfjLp, (2) 

and we have, for the equation of the parabola with the vertex 
for origin, 

Sp(<^-4,i) = o (3) 

As before, S/x^p =• o ; (4) 

but, in this case, ^pi>P = {^pY (5) 
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(6) 



The equation of the tangent will be found to be 

Sir^/o — ^p<f>p + 2Bfip — 2S/x7r = o, 
or, Stt (</)p — 2/a) - 2S/LI/) = o, I* • • 

and the vector along the normal 

<^f>-V (7) 

As a verification of equation (1) ; let i and j be unit- 
vectors along the axis and tangent at the vertex, and let 
fi = mi. Then p^ xi + yj ; Bfip = — mx ; and, 

y* = 4nM5, (8) 

the Cartesian equation. 

191°* To find the locus of the intersection of the normal 
and the perpendicular upon it from the focus, FS, fig. 38. 

SinceFSj.PN, if FS = <r, 

Spo-=(r2 (1) 

cr = FP + PS = FP + iPN 

„ = p - i/^2 (^^ + ^-1)^ by (5) of 190^ . (2) 

S . /A X . Sfur := S/Ap — ^/A* (S/i,<^p + 1). 

But Sfw^p = o ; 

therefore, S/Ap = S/ur + ^fi^ (3) 

S . p X . Spo- = p2 — i/A« (Sp<^p + S/Lt- V). 

Subtracting (1) from this equation, 

p^--a^=: y^ (Sp</>p + S;a->p). 
Now, (5) of 187^ 

Sp<^p = Mi=2S^. 

Therefore, 

p« _ <r» = i/*« (^^!^^) = i!il^ 

„ = ^' -/^^> by (3). 
Multiplying this equation by ju', and transposing, 
^V* + f^* ~ V^^ = ^y=y*<_2/x»S/v + SVft (1) of 187°, 

and /*V = - ^/*'S/«r + SV (4) 
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This is the equation of a parabola with ite vertex for origin, 
whose axis is parallel to the axis of the given parabola ; for, 
if we substitute — S/i, for /*, we get 

0-2 — iBfiitr — /Ai~^S'/i.i<r = o, 

which is the same form as (1) of 190°. 

The focus of the given parabola is the vertex of this 
parabola. For, let o- == tfji. Substituting this value of o- in 
(4), we get 

Therefore the curve passes through the origin of ft, — t.e. the 
focus of the given parabola. 

Let F' (measured to the right of F, fig. 38) be the focus of 
the new parabola ; I' the tensor of its latus rectum ; I the 
tensor of the latus rectum of the given parabola. Then, since 

T/A = 8T/tii, 

we have FR = 8FF, 

i^ = 8 (iV) = 2l\ 

or, the latus rectum of the given parabola is four times the 
latus rectum of the new parabola. 

The reader will remember that in the equation of the 
given parabola, the focus being the origin, jx is the vector FR 
drawn from the focus to the directrix. In the equation of the 
new parabola, the vertex being the origin, fi^ is the vector 

FF' drawn from the vertex F to the focus F' — i.e. in the 
opposite direction to /a. 

192°. To find the locus of the intersection of the tangent 
and the perpendicular upon it from the vertex, MQ, fig. 38. 

Since the vector of the sought locus is always parallel to 
the normal at the point of contact, we have, (7) of 190% 

TT = a; (</)/) — 2/x) (1) 

S./x''x. S/jt~V= — 2a;, 

and x= ^~K~~ ~ — o^ > ^f^'"' ^^ ~~ ^Xfi^. . . (2) 

s . X </>p. S7r<^/o = X (<i>py. 

Also, (3) of 190°, 
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Substituting these values of S/itt, S7r<^/) and Bfip in (6) of 
190°, 



Squaring (1), 






Therefore, v'^ = 2sc7r^ + ix^fiK 

Substituting the value of x from (2), 

the equation of a cissoid, as will be shown in the following 
article. 

Section 6 
Various Curves 

193^- The Cissoid of Diodes is the locus of a point, 
P, ^g. 39, where the radius- vector of a circle, OR, is cut hj 

an ordinate so that OQ = SB. 

Let C be the centre of the circle ; OC = a ; OQ = ya ; 

OP = p ; OR = xp. 

Then, since OR — OC = CR, 



(xp- 


a)2 = CR^ = - a\ 




i 


f 1 


and the equation of the circle is 


/r 1 


xp^ — 2Saf) = o ... 

• 


(1) ^7^ 




By similar 


triangles, 

OQ_ OP 
OS OR' 


/ "vr 




^ 




T^>v a c s. 




ya _ p . 






2a — ya xp ' 


hence, 








(1 + a;) y = 2 . . . 


(2) \ 


From (1), 


2Sap 
x —  . 

P 


\ 


Again, 




Fig. 39. 




p = OQ + QP = 


ya + QP. 


S . aX. 


Sap = ya^ ; 




and 


Sap 
a* 









3 



170 



THE CYCLOID 



Substituting these values of x and y in (2), we get 

2aV* = (p* + 2Sap) Sap; 



(3) 



the equation of the cissoid. 

The cusp of the cissoid, O, coincides with the vertex M ; 
the point B coincides with R ; and BT, the tangent to the 
circle ORB, coincides with the directrix of the parabola, 192°, 
Consequently, the vertex being the origin, 

OC = a(in the foregoing calculation) = ^ MR = — ^/x, in 192°. 
Substituting this value of a in (3), we get 

the equation there deduced. 

194°* The Cycloid is the path described by a point on the 
circumference of a circle which rolls in a fixed plane upon a 
iixed straight line, called the base. 

Let APR be any position of the generating circle, fig. 40, 
A being the point of contact of the circle with the base, AB. 
On the base take the point 0, such that AO = arc AP. Then, 
obviously, O is the position of the tracing point, P, when in 
contact with the base. Draw OD and PQ perpendicular to 

the base ; draw the diameter 
of the circle, AC, and CP, AP ; 
and suppose OP to be drawn. 
Let CA = c, /. PCA = 6 ; 
and let a and P be vectors in 
the directions OB, OD, such 
that Ta = T)8 = c. Then, 

OP = 00^+ QP. 

OQ = OA - QA 
„ = ^arc AP — c sin 0) Ua 
„ =zlcO -- c sin 6) Ua 
„ ^{$ — sin ^) a ; 
^ ,„ QP = (c - c cos 6/) Uj8 

Pig. 40. ^ >, /i\ o 

„ = (1 — COS 6) p. 

Therefore, p = (^ — sin ^) a + (1 — cos 6) /3, . . . (1) 

the equation of the cycloid. 

For the tangent at P we have 




^J = (l ^co80)a + fisinO. 



(2) 
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Let PA = V, Then 



V = OA - p = tfa - (^ - sin e) a - (1 - cos 6) p 
„ = a sin ^ — (1 — cos 0) p, 

S»' ^ = S{a sin tf - (1 - 008 tf) /3[ {(1 - COS tf) a + ^ sin «} 

♦» = S { _ c' sin » (1-coB «) + a/3 sin" tf-^a(l— cos tf)' + c" sin tf (1 — cos 9){ 



= o. 



Therefore, vJL -jL or AP is normal to the cycloid at P . . (3) 

Let us assume Hamilton's formula for the vector of 
curvature, 

IT •— — 



Vp"p" 

where p and p" are the first and second derivatives of p, and 
the origin of ir is the centre of curvature. Then 

P" = (^|) ={(l-C08^)a + /5 8infl}»=-.2c'(l - cos «){(l-co8«) a+^ sintf} ; 
p" = a sin d + ^ cos tf ; 

Vp"p' = c^ (1 — COS ^) €, where c is a unit- vector coinitial 
with and J_ o- and ^, such that rotation round it from a to ^ 
is positive ; 

TT = - 2 {a sin ^ - (1 - cos ^) /3} = - 2v. . . (4) 

Therefore the length of the radius of curvature is twice the 
length of the normal, PA. 

195**. If a vector, p, revolve round its origin in a plane, and 
if equal angular motions of p correspond to equal multiplica- 
tions of Tp ; then the locus of P is a Logarithmic Spiral, and 
its equation evidently is 

p = a^^; (1) 

Ta 2 1 ; Sa)3 = o. 

For, let OB, OC, &c., flg. 41, be a number of equiangular rays, 
Z BOO = ^iCOD = z DOE = <fec. = ^ ; let OB = )S ; «nd 
let a be a vector perpendicular to the plane BOE, drawn 
from O towards us. Then 

OB == po = a°)8 = A 

00 = pi = a^^ = a^fi . Ua^^, 

OD = Pa = a^/3= a*^)8 . Ua^*+«U^, 

6E = p3 = a'^p = a«^/J . Va!^'^^J]p ; and ultimately, 

OP=:p =a"^)8= a*^. 
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The scalar exponent may, of course, be either positive or 
negative. 




FlO. 41. 



Suppose, for instance, that, as in fig. 41, 

« = i ; OA = 2f ; OB = 10 mm. 
Then 

<^= L QOR= Z.POQ = &c. . . =Z.FOG = ^GOH = 30°; 

and 

Tpi = 00 = TaiTyS = 10(2l)i = 10 >/2 ; 

Tp2 = OD = TaiTp, = 10n/2x/2 ; 

Tp3 = OE = TaiTpa = 10 k^2s/2s/2 ; and so on. 

For the points L, M, &c., we have 



Tp',=OL = T^,= -)^^;and 



so on. 



dp = (a'dJJa' + da* . Ua') /S, 

„ = (12P) (log a + |Ua) a'^c?< = (log a + |Ua) p^<, . . (2) 
the vector-tangent of the spiral. 



lence, pdp = p^ log a,dt '\- —-papdt ; 

JtCb 

Spdp = p^ log a . c?^ (since Spap = o) ; 
^f^P = ^^P^ ,dt=:^ —p^adt ; 



TVpcf^) = 



2a 
wp^dt 



2a 
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Therefore, if ^ pdp = $, 

tan tf = TZ^ = V^^ — ?r _1_ . 
Spdi) 2/j' log a,cU 2 log a ' 



(3) 



or, the angle between the vector of any point upon the 
logarithmic spiral and the tangent at that point, is constant. 
It will be observed that in this expression for tan ^, a is the 
tensor of a versor perpendicular to the plane of the spiral. 
In the ordinary polar equation, 

tan $ = , , 

log a 

a is a constant line in the plane of the spiral. 

196°. A Helix is the path generated by a point, P, upon the 
rim of a very thin circular disc, fig. 42 (a), which revolves (like 
a wheel) at a constant velocity, and at the same time moves at 
a constant velocity along a very thin, straight, and fixed wire, 
OA4, which passes through its centre, the plane of the disc being 




Fia. 42. 



always perpendicular to the wire. The point P is supposed 
to take the same time to rotate through one quadrant of the 
circle that the centre of the disc takes to move in a straight 
line from O to A„ or A, to Aj, &c. Fig. 42 (a) shows the 
position of B, the term of a given vector fi, before motion has 
taken place. Let a be a unit- vector in the direction OA,, 

and let T . OAj = T . A^a = &c. = c. 



Then 
or, 

or. 



OP, 

Pi 
OP2 

Pi 



OA, + AiP„ 
ca + afi ; 



2ca + a«/3 ; 
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and, ultimately, 

pz=cta + a% (1) 

Ta = 1 ; Sa/3 = o, 

ipi^here t is a variable scalar. 

It is evident that this is a helix apon the cylinder, 

TVa|o = TVa^, (2) 

of 109**. The mathematical pitch of the screw is the ratio of 
the rectilinear velocity of the centre of the circle to the 
angular velocity of P. The mechanical pitch is the rectilinear 
distance passed through by the centre of the circle in the 
time that P takes to make one complete revolution of a circle, 
that is, OA4. 

dp^cadt + ^a^+^/3dt; .... (3) 

Sa-^dp^cdt; Ya-^dp^-fa*l3; . . (4) 

TYa-'dp = ^^ T^ = — 6, since Ta = 1 ; 

2 e 

tan 6 = tan /. a ^dp = _,— ,- '^ = ——^ = — . (5) 

^ Sa-^dp 2cdt 2c ^ ' 

The inclination of the tangent, therefore, to the axis of 
the cylinder on which the helix is traced, is constant. 

I£0=^-O, *'°*'^ = 2c ^^^ 

is the expression for the constant angle at which the helix 
cuts any circle traced upon the cylinder, irh is the semi- 
circumference of the cylinder ; 2c = OAj, that is, half the 
interval between the two spires, B and P4. 

If a series of vectors be drawn from O, in both directions, 
parallel to a series of tangents, the locus of the vectors will 
obviously be a cone of revolution whose equation is, 

SUa-^c?p = ± cos ^ (7) 

The normal plane is the plane perpendicular to the tangent 
at the point of contact. 

Let BPP', fig. 43, be a helix', and let CD be the normal 
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plane at P to the tangent PT. Let the plane cut the axis 

of the cylinder in Q ; let OA = a, OQ = a, a = y, PT = t. 
Since t is _L the plane CD, 

8(y-p)dp = o . . (8) g 

is the equation of the normal plane. 
Since the equation of the helix is 

p=i eta + a*fi, 
with the conditions 

Ta = 1 ; Sa^ = o ; Fio.48. 

p^ = (eta + a*l3) (eta + a*/3) = - cH^ 4- eta' ^ * )8 + eta' 13a + a')3a*^, 
„ = - cH^ -f eta* (a/J + M + ^^«'A 

„=^2_^2^2 (9) 

Therefore, Spdp = — cHdt, 

But, (8), Spdp — 8ydp = oBadf} = - xcdt, (4). 

Therefore, x ^=et ; y = eta; Say = eta^. 

Also, (1), Sap = Sa (eta + a* ft) 

„ = cta^ + Sa' ^ 1^3 = eta^. . . . (10) 

Therefore, Say — Sap = Sa (y — p) = o ; 

y-p = PQ ±0. (11) 

In words, PQ is perpendicular to the axis of the cylinder, 
or is a normal to the cylinder. 

It follows that the locus of all the perpendiculars let fall 
from the helix upon the axis of the cylinder is a screw-surface, 
or helicoid, bounded by the surface of the cylinder, and con- 
taining the helix itself ; its equation being of the form, 

p=zeta + ua% (12) 

where t and u are independent variables. Or, reverting to 
the conception of a moving circle, we may say that i« is a 
function of the velocity of rotation of the circumference of 
the circle, and ^ is a function of the velocity of translation of 
its centre, the two velocities being absolutely independent. 

To gain a definite idea of the shape of this surface, we 
have only to imagine that the cylinder is upright, and that a 
corkscrew staircase is constructed round the axis. The 
(smooth) bottom surface of the staircase is a helicoid. 
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Section 7 
TU Plane 

197°- Three given coiuitia] vectors, a, /3, y, terminate in a 
plane ; to find the perpendicular from the origin upon the 

plane, OD = S. 
We have at once 

Sa8-^ = 1; Sj3S-» = l; Sy8-» = 1; 

therefore, 131° (2), 

« ^o.^ 

"■ V(y3y + ya + ayS)' 
Since 8V {Py + ya + a/8) = a scalar, V (/3y + ya + a/3) || 8. 

198°- To find the condition that four points shall be co- 
planar. Let the vectors of the four points be a, )8, y, p. If the 
point P lie in the plane passing through the points A, B, C, 
which are supposed to be non-collinear, then 

S.(a-p)()8-p)(y~p) = o, 

or, S)3yp -f Syap + Sa)8p — Sa^y = o. 

The geometric meaning of this equation is obvious. 

As a verification, let p=zxi-\-yj 'h zk; a — x^i + yj -^ z^k ; 
&c , (&c. Then 

o ^x{yiz^ - 2/2-1 + y2«3 - y^H + 2/3»i - Vi^s) + <fec- y 
or, 

j « , y ,2; ,1 
a^i » yi > »i , 1 



o = 



X 



3 



ya 



1 



For another solution, see Part I., 38°. 



199°. The intersection of two planes is a straight line. * For 
let OA = a, OB = ^ lie in one plane, and 00 = y, OD = 8 
lie in the other. Then, 79°, the intersection of the two planes 
is V . Ya/SYySy that is, a straight line. 

* As the point of intersection of two lines is called their cross, 1 
venture to suggest that the line of intersection of two planes might 
be called their cut. 
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200^* The condition that three planes shall intersect in 
one common straight line. 

Let the equations of the three planes, Pj, Pg, P3, be 
respectively, 

Sap = p ; S/3p = q ; Syp = r ; 

and let o- be a vector along their common line of intersection. 
Then, since a is perpendicular to Pi, it is perpendicular to cr. 
Similarly, /S and y are perpendicular to o*. 

Therefore, Sa^y = o, 

and P^Py + q^ya + rYa/S = o. 

This is the condition that the three planes should be parallel 
to the same straight line. 

201°* To find the condition that four planes shall meet 
in a point. 

Let the equations of the given planes be 

Sap = h ; S)3p = I ; Syp := m ; S8p = n. 

For the point of intersection, the variables of the first three 
equations must have a common value, 

__ hY/Sy + IVya + mVa^ 
^ ~ Sa/3y 

But since the fourth plane passes through the same point, this 
value of p must be also a value of its variable. Therefore, 
substituting this value of p in the fourth equation, we get 

"* "■ ^ Sa^y 

or, 

hSfiyS — ZSySa + mS8aj8 — nSafiy = o ; 

the sought condition. 



Section 8 
The Tetrahedron 

202°. To find the diameter of the sphere circumscribing 
a given tetrahedron. 

This will be given in the Section on the sphere, 211°. 

N 
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203°- I^ two pairs of opposite edges of a tetrahedron, 
OABC, be at right angles, the third pair will be also at right 
angles. Let O A J. BC, OB J. C A. Then 

Sa(y-^) = o, 
S)8(y — a) = o. 

Subtracting, Sy (a — )8) = o, 

that is, OC±AB. 

204°. To find the condition that the perpendiculars from 
the comers of a tetrahedron, OABC, upon the opposite faces 
shall be concurrent. 

Let xVPy and yVya, the respective perpendiculars from 
A and B upon the opposite faces, intersect in P. Then, since 
(fi — o), V)8y and Vya are coplanar, V . V^SyVya is per- 
pendicular to )S — a. Therefore, 

S(y8-a)V. V^yVya = 0, 

S(^-a)(-ySa^y)=o, 

(Sya - S^y) Sa/?y = o. 

Therefore, o = Sya - S^y = Sy (a - ^), . . . . (1) 

that is, OC±AB. 

We get corresponding results in the other cases ; therefore 
the sought condition is that the opposite edges shall be at 
right angles. 

205°- If the opposite edges of a tetrahedron be at right 
angles, then the sums of the squares of the opposite edges are 
equal. 

For, by (1) of 204°, we have 

SySy = Sya, 
Tfi cos BOO = Ta cos AOC, 
^^ OB^ 4- OC^ - BC^ __ ^ . OC^ 4- QA^ - CA^ 
^ 20B.0C ■" 200. OA 

consequently, 

0B2 + CA2 = 0A2 + BC2. 

We get corresponding results in the other cases ; therefore, 
&c., &c. 

This is another form of the condition of 204°. 

206°- The sum of the vector-areas of the faces of a tetra- 
hedron, OABC, is zero. 

OBC = ^ V/3y ; OCA = ^Vya ; OAB = ^Va^. 
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As we have taken the positive areas of these three faces 
as seen by an observer standing upon the point O, i.e, from 
the outside of the tetrahedron ; we must take the positive 
area of the remaining face from a corresponding point of view 
— exterior to the solid. Accordingly, 

ACB = ^V (y - a) (^ - a) = - ^-V (^y + ya + afi). 

Therefore, 

OBC + OCA + OAB + ACB 

= h'^Py + i^y« + h^^P - i^ (Py + ya+ ap) = o. 

In general, the sum of the vector- areas of the faces of any 
polyhedron is zero. 

Let O be any point within the polyhedron, and let it be 
divided into a number of tetrahedra by planes passing through 
O. Then the sum of the faces of each separate tetrahedron 
is zero. Adding, the sum of the faces of all the tetrahedra is 
zero, that is, the sum of the internal faces, plus the sum of the 
external faces, is zero. But the internal areas, taken two and 
two, cajicel each t)ther, since each two adjacent areas have the 
same vector-expressions with opposite signs. Therefore the 
sum of the external faces, that is, the sum of the vector- areas 
of the faces of the original polyhedron, is zero. 



Section 9 
The Sphere 

207°' I^ ^ quadrilateral be not inscriptible in a circle, 
then, whether it be plane 
or gaucho, we can always cir- 
cumscribe two circles, OAB, 
OBC, about the two triangles 
formed by drawing the diagonal 
OB, fig. 44. 

We then have, 96"*, 



O A . AB . BO = or 
OB . BC . CO = OU 

therefore. 




FlO. 44. 



OA . AB . BC . CO . = 



OT.O U 
0B2 ' 



where both members of the equation are quaternions. 
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If the quadrilateral be plane, the axis of OA . AB . BC . CO 

(or of OT . OU) is perpendicular to the plane of the two tan- 
gents, TOU, and therefore to the plane OABC. If the 
quadrilateral be gauche, this axis will still be perpendicular to 
the plane of the two tangents, and will be consequently 
normal at O to the sphere circumscribing the quadrilateral. 

In both cases the direction of the axis is such that rota- 
tion round it from OT to OU is positive. 

The angle of the quaternion OA . AB . BC . CO is the 
supplement of the angle TOU, and is consequently the angle 
TOU' contained by OT and a tangent OU', the opposite of 
OU ; or the angle between the planes OAB and OCB, or 
between Jbhe arcs OAB and_OCB (we write OCB, not OBC, 

because OU' = OC . CB . BO). 

208°. Since "OA . AB . BC . CO~differs from the anhar- 
monic function (OABC) by a scalar only, 163°, (1), we have 

L (OABC) = ^ ^^ ^^ = ^ (OA . AB . BC . CO). 

And since L a^y^ = z. )3y8a = &c., 76° (5), 

we have for the successive sides of any quadrilateral, plane 
or gauche, 

Z. (OA . AB . BC .<^) == Z.(AB . BC . TO . OA) = &c. ; . . (1) 

/L (OABC) = /^ (ABCO) = zi (BCOA) = /. (COAB) ; . . (2) 

and also for the four reciprocal anharmonics, 

Z. (OCBA) = z (AOCB) = z. (BAOC) = Z (CBAO) . . (3) 
If, then, we are given four points, A, B, C, D, coplanar 

or in space, iig, 45, connected by four circles, 
each of which passes through three of the 
points ; we have the following equality of 
angles : 

z:A= zlb = z:c= zd. 

For 
ZA=/(ABCD); zB=z:(BCDA); 

ZC=Z(CDAB); ^D=z(I)ABC); 

and the angles of these four anharmonic 
Pig. 45. quaternions are equal by (2), (Hamilton). ' 

209°. Let ABODE be any pentagon, plane or gauche. 
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inscribed in a sphere, and let the two diagonals AC, AD be 
drawn. We then have the three equations, 

AB . BC . CA = AT, 

AC . CD . DA = AU, 

AD.DE.EA=AV, 



where AT, AU, AV are three tangents to the sphere at A. 
Multiplying the three equations together, 

AT. AU . AY 



AB.BC.CD.DE.EA = ^-^^_^-^ . . (1) 



Ko w, th e product AT . AU . AV is some fourth coplanar 

vector AW, which, being coplanar with the three tangents, is 
itself a tangent at A. Therefore the product of the five suc- 
cessive sides of a pentagon, plane or gauche, inscribed in a 
sphere, is a tangential vector drawn from the point at which 
the pentagon begins and ends. 

In general, the product of the successive sides of any n-gon 
inscribed in a sphere is a quaternion whose axis is normal to 
the sphere at the initial point of the r^-gon, when n is 
even ; and is a vector tangential to the sphere at the same 
point, when n is odd. 

210''. The last equation, 209*" (1), may be written ; 
OA . AB . BC . CP . PC = xi, 
where P is a variable point upon the sphere. Hence, taking 

SC&l&i1*8 

= Sa(^-a)(y-)8)(p-y)(-p), 
or, p^SaPy = a^^Pyp + fi^^ap + y^Safip ; . . (1) 

the equation of a sphere, O being a point upon its surface. 

To verify the equation, we have only to observe that it is 
satisfied by assigning to p the successive values, o, a, )3, y. 
Hence, if the vector of any point in space, in terms of three 
given diplanar vectors, a, yS, y, be 

p =^ xa -^ yP + Zy ; 
the equation p^ = oca^ + yfi^ + zy^ 

expresses that the vectors a, ^, y, p terminate in the surface 
of a sphere which passes through 0. 

Let OA, OB, OC, <fec., be any chords of a sphere, and let 

OD be a diameter, ^g. 35 of 161°. Then, 160^ a- » - 8"* = t„ 
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a tanp^ent at O ; )S"* — 8"* = t^ another tangent at O; 
&c., <kc. But these tangents are coplanar ; therefore a " ^ — 8 " ', 
P~^ — S~ *, (fee, are coplanar; therefore /3~^ — a~*, y~ ^ — a~*, 
&c., lie in a plane parallel to the tangent plane at O. There- 
fore, if p be the vector of a variable point, P, upon the sphere, 

is the equation of a sphere passing through the five points 
O, A, B, C, P. It is not difficult to transform (2) into (1). 

Since S -■ "" ^ = o, 
P 

S8/>-» = l] 

and p^ ^ S8p 



(3) 



(4) 



are equations of the sphere. 

If the origin be any point in space, k the vector of the 
centre, and a any given vector radius, 

T (p - k) = Ta 
(p - k)2 = a2 = C 

are also equations of the sphere. 

If Tk = c, this last equation may be written ; 

p2 = 2Sicp = c2 - a^ ..... (5) 

2ir. By 82°, 

8Sa^y = S8aV/3y + S8/3Vya + S8yVa/?. 

But, by (3) of 210°, 

S8a = a2 ; S8/3 = /?» ; S8y = y\ 
Therefore, 

s, _ ggyffy + /3^Yya + y^Ya/3 . ,.. 

Sa^y ^ • • • ^^) 

the expression for the diameter of the sphere circumscribing 
the tetrahedron OABC. 

212°. The equations of the tangent and tangent plane 
have been given in 167° ; that of the polar plane in 168°. 

213°. To find the equation of the curve formed by the 
intersection of a plane and a sphere. 
From the centre, O, of the sphere let fall a perpendicular 

OD = 8 upon the given plane. Let p be the variable vector 
of the sphere ; o- a vector in the given plane drawn from D to 
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meet p in the line of intersection whose equation is required. 
Then, if a be the radius of the sphere, 

p2 = - a2 ; 

but p = 8 + o- ; 

therefore, (8 + o-)' = — a^, 

and 0-2 = - (a2 — cP), 

The locus, therefore, is the circle, 

0-2 = - (a2 _ e^2)^ s3^ = o^ 

with D for centre and s/a^ — d^ for radius. 

214°. To find the curve in which the spheres intersect. 
Let the equations of the two spheres be, 210° (5), 

p2 - 2S1C2P = Ca^ -> a^i. 

For every point of the curve of intersection the variables 
must have one common value. We may consequently equate 
the two equations, thus obtaining 

S (k, - K^),, = H («,» - a,») + (C,» - C,»)} = C. . . (1) 

Now, this is the equation of a plane J_ (f 1 — 'C2)> 1^^° (9)- 
Therefore the line of intersection of the two spheres is the 
common line of intersection of this plane with the two spheres. 
But the intersection of a sphere and a plane is a circle. 
Therefore the line of intersection of two spheres is a circle. 

Equation (1) is the equation of the ^Radical Plane of the 
two spheres. 

215°. If three spheres intersect one another, their three 
planes of intersection pass through one common straight line. 
If the equations of the three spheres be 

p« - 2Skip = C„ 

f)« — 2S#C2|0 = C2, 
p2 - 2SK3P = C3, 

the equations of .the three planes of intersection will be 

S(K, -ic2)p = i(C2-C0,orP„ 

S(K2-K3)p = i(C3-C2), „ P2, 

S (^3 — 'fi)p = i(Ci — C3), „ P3 ; 

where Pi JL ('Ci — k^\ P2 ± ('^2 — f aX 1*3 ± ('^3 — '^ )• 
Now, 

(0,-0,)V(ic,-«,) (ie.-/e») + (0.-0,)V(K,-«0 (K»-<c,)+(0»-C.)V(«»-je,) (*t.-/f,)=o. 



184 THE SPHERE 

Therefore P,, P2, P3 intersect in one common straight line, 
200^ 

216^' To find the locus of a point, the sum of the squares 
of whose distances from n given points is constant. 

Let p be the vector of the sought point ; ai, 03 . . . On the 
vectors of the given points. Then 

(p - a,)« + (p - aa)2 + &c. = 2 (f> - a)^ = - C. 

But (p - aiY = p« - 2Saip + ai2, 

(p — a^y = p^ — 2Sa2p + a2^, 

(p — g^)^ = p^ — 2Sa^ + On^ - 
Therefore, 2 (p - a)« = wp^ - 2Sp2a + Sa^ = - C, 

Therefore, by (4) of 210°, the locus of P is a sphere the vector of 

whose centre is — , its centre consequently being the mean 

n 

point of the n points. 

Section 10 
Tlie Cone 

217°' To find the equation of a Cone of Revolution whose 
vertex, O, is the origin. 

Let a be a unit- vector along the axis OA, and p the vector 
of any point upon the surface of the cone. Then 

Sop = — T/j cos ; 

being the angle POA. 

But is constant. Therefore, 

cV = SV (1) 

218°. Had we written the equation of the plane, 105°, as 

Sop = a^, (1) 

and the equation of the sphere as 

Sj8p = p^ (2) 



/ 
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we should, by multiplying these two equations together, have 
obtained the equation of the Cyclic Cone in the form : 

aV - Saf>S)Sf> = o, (3) 

instead of S^S^= 1,108°. 

a p 

This cone has for its base the circle, 

Sop = a2 ; S)3f> = |o2 (4) 

Let us take a vector with the direction of p and the tensor 
of a,—TaXJ^ = OB'. The equation of the plane through B' 
perpendicular to this vector is 

o = S . TaU/?(f) - TaVp) = |S/3(p -|)8), 

or, S;8^ = |^2 (5) 

Again, let us take a jrector with the direction of a and the 
tensor of )8, — TfiJJa = OA'. The equation of a sphere through 
A' with OA' for a diameter is 

o = Sp (p - TfiVa) = Sp (p - - a), 

or, Sap = |p2 (6) 

Multiplying (5) and (6) together we get 

SapSPp = g ^p2 = =^ ( - b') ,« = ay. 

Therefore, (Sap = o« ; 8p,, = p') 

and (S^p=*)8«;S<v=*P») 

are two different circular sections of the same cyclic cone. 
Every section of this cone by a plane parallel to the plane 
Sap = a^, is a circle. For, let c be any constant scalar. Then, 

100°, (8), Sap = ca^ 

is a plane || to Sac = a^. Substituting this value of Solo in 
(3), we get 

p2 — cS)8p = o. 

We therefore have for p. 

Sap = c^a ; p^ •= cS)8p. 
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The locus of P, therefore, is the intersection of the plane 
through the term of caXa, and the sphere with c^ for a 
diameter, t.e. a circle. 

Similarly, any plane parallel to the plane, S)3p = f i^*, is a 



circle. 

Therefore the sections of a cyclic cone made by planes 

perpendicular to either of the Cyclic Normals, a and j8, are 

circles. Both series of planes 
are consequently perpendicular to 
the plane OAB. If, then, AD 
be the intersection of the plane, 
So/) = a^, with OAB, and AE be the 
intersection of OAB with a plane 

through A parallel to S^p = - /? ; 

AD and AE are evidently anti- 
parallel, fig. 46. The two series of 
circles are consequently called the 
pj^j 4g antiparallel (or subcontrary) sec- 

tions of the cone. 
The equation of a plane through O parallel to the plane 

(l)is Saf, = o; (7) 

the equation of a plane through O parallel to the plane (5) is 

S)Sf. = o (8) 

These are the equations of the Cyclic Planes. 

If the cone, in the first instance, be supposed to have for 
its base the circle 

Sap = a2 ; S/?p = p^, 

it is clear that the cyclic plane (8) is a tangent at the vertex 
to the circumscribing sphere (2). If, in the second instance, 
the cone be supposed to have for its base the circle 

the cyclic plane (7) is a tangent at the vertex to the circum- 
scribing sphere (6). 

Since aV^ = Sa/uS^p = TopT/JpSUopSU/Jp, 

SUapSU/?p = T ^ = constant ; .... (9) 
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or, the product of the cosines of the inclinations of any 
variable ray, p, of an oblique cyclic cone to its two cyclic 
normals is constant ; or, the product of the sines of the in- 
clinations of the same ray to the two cyclic planes is constant. 
If a II ^, then ^ = m^a, where m is a constant scalar > 1, and 
the equation of the cone becomes 

which is the equation of a cone of revolution, 217° (1). 

219°. Of a system of three coinitial and rectangular 
vectors two are confined to given planes ; to find the locus 
of the third (Professor MacCullagh). 

Let -TT, p, o- be the three rectangular vectors. Then, by 
condition, 

S7r|0 = o (1) 

Spa- = o (2) 

S(T7r = o (3) 

For the given planes we also have 

SaTT = o (4) 

^fip = o (5) 

It would be impossible generally to eliminate two vectors 
with less than six given equations. But in the present case, 
as the tensors are not involved, five are sufficient. 

From (3) and (4), 

TT := xVaar ; 

» (2) „ (5), 

p = yy^o-. 

Substituting these values of tt and p in (1), 

xyS . YaaY/StT = o, 
and, 92° (7), 

(T^^aj3 — BaaSfiff = o ; 

the equation of a cyclic cone. 

Before concluding, the reader must be reminded that it is 
not by such geometric applications as the foregoing that the 
merits of the quaternion method can be adequately illustrated. 
Its simplicity and power can only be fully shown by physical 
applications, which can find no place in this, or any other, 
elementary book. For such applications the reader is referred 
to the works of Sir W. R. Hamilton and Professor Tait ; to 
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the * Utility of Quaternions in Physics/ by Mr. A. McAulay ; 
and to Dr. Molenbroek's paper, *Over de Toepassing der 
Quatemionen op de Mechanica en de Natuurkunde ' (Miiller, 
Amsterdam). A perusal of these works will convince most 
readers that quaternions are ' the natural language of metrical 
geometry and of physics ' (Clifford). 
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GUTHRIE— A Class-Book of Practical Physics. Molecular 
Physics and Sound. By F, Guthrie, Ph.D. With 91 Diagrams. 
Fcp. 8vo. 1«. ed. 



PHYSICS. 

ARNOTT— The Elements of Physics or Natural Philosophy. 

By Neil Arnott, M.D. Edited by A. Bain, LL.D., and A. S. 
Taylor, M.D., F.R.S. With numerous Woodcuts. Cr. 8vo. 12$. 6d, 

COOK— Physics. (Specially adapted for Indiati Schools and Students.) 
By J. Cook, M.A., Principal, Central College, Bangalore. With 
Examination Questions and 206 Illustrations. Crown 8vo. 28. 6d. 

EARL— The Elements of Laboratory Work: a Course of 
Natural Science. By A. G. Earl, M. A., F.C.S. With 57 Diagrams 
and numerous Exercises, etc. Crown 8vo. 4s. 6d. 

GANOT -Works by Professor Ganot. Translated and Edited by E. 
Atkinson, Ph.D., F.C.S. 

Elementary Treatise on Physics, Experimental and Applied. i 

With 9 Coloured Plates and 1028 Woodcuts. Crown 8vo. 155. . 
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HBLMHOLTZ— Popular Lectures on Soientiflc SubiectB. 
By Hermann L. F. Hblmholtz. Translated by E. Atkinson, Ph.D., 
F.C.S., formerly Professor of Experimental Science, Staff College. 
With 68 Illustrations. 2 vols., crown 8vo. 38. Qd. each. 

— Contents — ^Vol. I. — The Belation of Natural Science to Science in 

General — Goethe's Scientific Besearches — The Physiological Causes of Har- 
mony in Music — Ice and Glaciers —The Inter-action of tne Natural Forces — 
The Recent Progress of the Theory of Vision — The Conservation of Force — 
The Aim and Progress of Physical Science. 

Vol. II. — Gustav Magnus. In Memoriam — The Origin and Significance 



of Geometrical Axioms — The Relations of Optics to Painting — The Origin 
of the Planetary System — Thought in Medicine ~ Academic Freedom in 
German Universities — Herman von Helmholtz. An Autobiographical 
Sketch. 

WORTHINaTON— A First Course of Physical Laboratory 
Practice. Containing 264 Experiments. By A. M. Worthington, 
F.R.S., M.A. With Illustrations. Crown 8vo. 4«. 6d, 

WRIGHT -Elementary Physics. By Mark R. Wright., Prin- 
cipal of the Day Training College, Newcastle-on-Tyne. With 242 
Illustrations. Crown 8vo. 2s. 6d, 



MECHANICS AND MECHANISM. 

BALL— A Class-Book of Mechanics. By Sir R. S. Ball, LL.D. 
89 Diagrams. Fcp. 8vo. 1«. 6d. 

GKDODBVB— Works by T. M. Gk)0DEVB, M. A., Professor of Mechanics at 
the Normal School of Science, and the Royal School of Mines. 

Principles of Mechanics. With 263 Woodcuts and numerous 

Examples. Crown 8vo. 6«. 

The Elements of Mechanism. With 342 Woodcuts. Crown 



8vo. 68. 

A Manual of Mechanics: an Elementary Text-book for 



Students of Applied Mechanics. With 138 Illustrations and Diagrams, 
and 188 Examples taken from the Science Department Examination 
Papers, with Answers. Fcp. 8vo. 2s. 6d. 

GOODMAN— Applied Mechanics. By John Goodman. 

[771 preparation. 

GRIEVE— Lessons in Elementary Mechanics. By W. H. 
Qrieve, P.S.A., late Engineer R.N., Science Demonstrator for the 
London School Board, &c Stage 1. With 165 Illustrations and a large 
number of Examples. Fcf». 8vo. 1». 6d, Stage 2. With 122 Illustra- 
tions. Fcp. 8vo. 1«. 6d. Stage 3. With 103 Illustrations. Fcp. 8vo. 
l8.6d. 

MAGNUS- Lessons in Elementairy Mechanics. Introductory 
to the Study of Physical Science. Designed for the Use of Schools, and 
of Candidates for the London Matriculation and other Examinations. 
With numerous Exercises, Examples, and Examination Questions. 
With Answers, and 131 Woodcuts. By Sir Philip Magnus, B.Sc, 
B.A. Fcp. 8vo. Zs, 6d. Key for the use of Teachers only, price 
6«. S^d. net, post free^ from the pMiskers only. 
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STEAM AND THE STEAM ENGINE, &c. 

BALE— A Handbook for Steam Users; being Notes on Steam 
Engine and Boiler Management and Steam Boiler Explosions. By 
M. Powis Bale, HI.M.E., A.M.I.C.E. Fcp. 8vo. 2«. 6d. 

BOURNE— Works by John Bourne, O.E. 

A Catechism of the Stecun Engine, in its Various Applica* 

tions in the Arts, to which is added a chapter on Air and Gas 
Engines, and another devoted to Useful Rules, Tables, and Memor- 
anda. Illustrated by 212 Woodcuts. Crown Svo. 7«. 6d. 

Recent Improvements in the Steam Engine. With 124 



Woodcuts. Fcp. Svo. 6«. 

OLERK— The Gas Engine. By Dugald Clerk. With 101 Wood- 
cuts. Crown Svo. 7«. 6rf. 

HOLMES— The Steam Engine. By George C. V. Holmes, 
(Whitworth Scholar) Secretary of the Institution of Naval Architects. 
With 212 Woodcuts. Fcp. Svo. 6«. 

RANSOM— Steam and Gas Engine Governors. By H. B. * 

Hansom. \In preparation. 

 

RIPPER— Works by William Ripper, Member of the Institution i 

of Mechanical Engineers ; Professor, of Mechanical Engineering in j 

the Sheffield Technical School 

Steam. With 142 Illustrations. Crown Svo. 2s. iSd. » 

1 

Steam €tnd thej Steam Engine. An Advanced Course. J 

[In preparation, t 

SENNETT— The Marine Steam Engine. A Treatise for the Use 
of Engineering Students and Officers of tne Royal Navy. By Richard 
Sennett, R.N., En^ineer-in-Chief of the Royal Navy. With 261. 
Illustrations. Svo. 21s. 

STROMEYER— Marine Boiler Management and Construc- 
tion. Being a Treatise on Boiler TroulJies and Repairs, Corrosion, 
Fuels, and Heat, on the properties of Iron and Steel, on Boiler 
Mechanics, Workshop Practices, and Boiler Design. By C. E. 
Stromeyer, Graduate of the Royal Technical College at Aix-la- 
Chapelle, Member of the Institute of Naval Architects, etc. With 
452 Illustrations. Svo. ISs. net. 
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ARCHITECTURE. 

GWILT— An Encydopeddia of Architecture. By Joseph Gwim, 
F.S.A. Illustrated with more than 1100 Engravings on Wood. 
Revised (1888), with Alterations and Considerable Additions, by 
Wyatt Papworth. 8vo. 52«. Qd. 

MITCHELL— The Stepping-Stone to Architecture : explaining 
in simple language the Principles and Progress of Architecture from 
the earliest times. By Thomas Mitchell. With 22 Plates and 49 
Woodcuts. 18mo. 1«. sewed. 



BUILDING CONSTRUCTION, 

Advanced Building Construction. Bv the Author of ' Rivington's 
Notes on Building Construction'. With 385 Illustrations. Crown 
8vo. 4s. 6d 

BUBRELL— Building Construction. By Edward J. Borrell, 
Second Master of the People's Palace Technical School, London. 
With 303 Working Drawings. Crown 8vo. 2«. 6d. 

SEDDON— Builder's Work and the Building Trade. By 
Colonel H. C. Seddon, R.E., Superintending Engineer H.M.'8 Dock- 
yaid, Portsmouth ; Examiner in Building Construction, Science and 
Art Department, South Kensington. With numerous Illustrations. 
Medium 8vo. 16«. 



RIVINGTON'S COURSE OF BUILDING CONSTRUCTION. 

Notes on Building Construction. Arranged to meet the require- 
ments of the Syllabus of the Science and Art Department of the 
Committee of Council on Education, South Kensington. Medium 8vo. 

Parti. First Stage, or Elementary Course. With 552 Woodcuts. 10«.6(2. 

Part II. Commencement of Second Stage, or Advanced Course. With 
479 Woodcuts. 10«. ^. 

Part III. Materials. Advanced Course, and Course for Honours. With 
188 Woodcuts. 21*. 

Part IV. Calculations for Building Structures. Course for Honours. 
With 597 Woodcuts. 15«. 
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ELECTRICITY AND MAGNETISM. ! 

GUMMING— Electricity treated Experimentally. For the use J 

of Schools and Students. By Linn^us Gumming, M.A., Assistant ^ 

Master in Rugby School. With 242 Illustrations. Crown 8vo. 4a. 6(i. i 

DAY— Exercises in Electrical and Magnetic Measurements, 
with Answers. By R E. Day. 12mo. 3«. 6d. 

DB TUNZBLMANN— A Treatise on Electricity ajid Mag- 
netism. By G. W. DE TuNZELMANN, B.Sc, M.I.E.E. \ln Preparation, 

GORE— The Art of Electro-Metallurgy, including all known 

Processes of Ekctro- Deposition. By G. Gk)RE, LL.D., F.R.S. With ! 

fift "WnnrlpiitJi JJ'on ftvn fia 1 



56 Woodcuts. Fcp. 8vo. Qs. 

JBNKIIN— Electricity and Magnetism. By Flebming Jenkin, 
F.R.S.S., L. & E., M.I.C.E. With 177 Illustrations. Fcp. 8vo. 3«. 6cL 

LARDEN— Electricity for Public Schools and Colleges. By 
W. Larden, M.A. With 215 Illustrations and a Series of Examina- 
tion Papers with Answers. Crown 8vo. Qs. 

POYSER— Works by A. W. Potsbr, B.A., Assistant Master at the 
Wyggeston Schools, Leicester. 

Magnetism and Electricity. With 235 Illustrations. Crown 



8vo. 28. 6d. 

— ' — Advanced Electricity and Magnetism. With 317 Illus- 
trations. Crown 8vo. 4s. 6d, 

SLINGO and BROOKER— ElectricaJ Bngineerii^ for 
Electric Light Artisans and Students. By W. Slingo and A. Brokbr. 
With 307 Illustrations. Crown 8vo. 10«. 6d. 

TYNDALL— Works by John Tyndall, D.C.L., F.R.S. See p. 11. 



TELEGRAPHY AND THE TELEPHONE. 

CULLEY— A Handbook of Practical Telegraphy. By R. S. 
CuLLEY, M.I.C.E., late Engineer-in-Chief of Telegraphs to the Post 
Office. With 135 Woodcuts and 17 Plates. 8vo. 16«. 

HOPKINS— Telephone Lines and their Properties. By William 
John Hopkins, Professor of Physics in the Drexel Institute of Art, 
Science and Industry, Philadelphia. Crown 8vo. 6«. 

PREECE and SIVEWRIGHT— Telegraphy. By W. H. Preecj, 
F.R.S., M.I.C.E., &c., Engineer-in -Chief and Electrician to the 
Post Office ; and Sir J. Sivewright, K.C.M.G., General Manager, 
South African Telegraphs. With 255 Woodcuts. Fcp. 8vo. ^». 
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WOEKS BY JOHN TYNDALL, 

D.C.L., LKD., F.B.S. 



Fragments of Scienoe : a Series of Detached Essays, Addresses and 
Seviews. 2 vols. Crown 8vo. 16«. 

VOL. I. :— The Constitution of Nature— Radiation— On Radiant Heat in relation to the 
Colour and Chemical Constitution of Bodies— New Chemical Reactions produced bv Lifht 
— On Dust and Disease — Voyage to Algeria to observe the Eclipse — Niagara— The Parallel 
Roads of Qlen Roy— Alpine Sculpture— Recent Experiments on Fog-Si^als— On the Study 
of Physics— On Crystalline and slaty Cleavage— On Pammagnetic and Diamagnetic Forces 
—Physical Basis of Solar Chemistry— Elementary Magnetism— On Force- Contributions to 
Molecular Physics— Life and Letters of Faradat— The Copley Medalist of 1870— The 
Copley Medalist of 1871— Death by Lightning.— Science and the Spirits. 

VOL. II. :— Reflections on Prayer and Natural Law— Miracles and Special Providences — 
On Prayer as a Form of Physical Energy— Vitality— Matter and Force— Scientific Materi- 
alism—An Address to Students— Scientific Use of the Imagination— The Belfast Address- 
Apology for the Belfast Address— The Rev. James Martineau and the Belfast Address— 
Fermentation, and its Bearings on Surgery and Medicine— Spontaneous Generation- 
Science and Man— Professor Virchow and Evolution— The Electric Light. 



New Fragments. Crown 8vo. 10«. 6d. 

Contents :— The Sabbath— Goethe's * Farbenlehre'— Atoms, Molecules and Ether Waves 
—Count Rumford— Louis Pasteur, his Life and Labours— The Rainbow and its Congeners- 
Address delivered at the Birkbeck Institution on 22nd October, 1884— Thomas Younff— Life 
in the Alps— About Common Water— Personal Recollections of Thomas Carlyle— On Un- 
veiling the Statue of Thomas Carlyle— On the Origin, Propagation and Prevention of 
Phthisis— Old Alpine Jottings— A Morning on Alp Lusgen. 



Lectures on Sound. With Frontis- 
piece of Foj;-Syren, and 203 other 
Woodcuta and Diagrams in the Text. 
Crown 8vo. 10s. 6rf. 

Heat, a Mode of Motion. With 

125 Woodcuts and Diagrams. Cr. 
8vo. 12«. 

Lectures on Light delivered in 

the United States iu 1872 and 1873. 
With Portrait, Lithographic Plat*? 
and 59 Diagrams. Grown 8vo. ^^8. 

Essays on the Floating Matter of 

the Air in relation to Putrefaction 
and Infection. With 24 Wooticuts. 
Crown 8vo. 7». 6rf. 

Researches on Diamagnetism and 

Magnecrystallic Action ; iuchuting 
the Question of Diamagnetic Polarity. 
Crown 8vo. 12«. 



Notes of a Course of Nine Lectures 

on Light, delivered at the Royal 
Institution of Great Britain, 1869. 
Crown 8vo. Is. 6rf. 

Notes of a Course of Seven Lec- 
tures on Electrical Phenomena and 
Theories, delivered at the Royal In- 
stitution of Great Britain, 1870. Cr. 
8vo. l5. 6^2. 

Lessons in Electricity at the 

Royal Institution, 1875-1876. With 
58 Woodcuts and Diagrams. Crown 
8vo. 2s. 6rf. 

Address delivered before the 

British Association assembled at Bel- 
fast, 1874. With Additions. 8vo. 
45. td. 

Faraday as a Discoverer. Crown 

8vo. 3s. ^d. 
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LONGMANS' CIVIL ENGINEERING SERIES. 

Edited by the Author of * Notes on Building Construction *. 

The following volumes of this new Series are in preparation, and other < 

volumes will follow in due course : — . "^i 

Tidal Rivers : their Hydraulics, Improvement and Navigation. By j 
W. H. Wheeler, M.Inst. C.E., Author of *The Drainage of Fens J 
and Low Lands by Gravitation and Steam Power*. With 76 Illustra- 
tions. Medium 8vo. 16«. net. [Ready. 

Notes on Dock Construction. By C. Colson, M.In8t.C.E. of H.M. 
Dockyard, Devonport. [In the press. 

'R&iLwsL'y Construction. By W. H. Mills, M.In8t.C.E., Engineer- 
in-Chief, Great Northern Railway, Ireland. [In preparatwii. 

Calculations for Engineering Structures. By T. Claxton 
FiDLER, M.Inst*C.E., Professor of Engineering in the University of 
Dundee ; Author of * A Practical Treatise on Bridge Construction '. - 

[In preparation. 

The Student's Course of Civil Engineering. By L. F. Vernon- 
Harcourt, M.In8t.C.E., Professor of Civil Engineering at University 
College. [In preparation 



ENGINEERING, STRENGTH OF MATERIALS, &c. 

ANDERSON— The Strength of Materials and Structures : 
the Strength of Materials as depending on their Quality and as ascer- 
tained by Testing Apparatus. By Sir J. Anderson, C.E., LL.D., 
F.R.S.E. With 66 Woodcuts. Fop. 8vo. Zs. 6rf. 

BARRY— Railway Appliances : a Description of Details of Railway 
Construction subsequent to the Completion of the Earthworks and 
Structures. By John Wolfe Barry, M.I.C.E. With 218 Woodcuts. 
Fcp. 8vo. 4s. 6d 

DOWNING— Elements of Practical Construction, for the use 

of Students in Engineering and Architecture. By Samuel Downing, 
LL.D. Part I. Structure in direct Tension and Compression. With 
numerous Woodcuts in the Text, and a folio Atlas of 14 Plates of '«? 
Figures and Sections in Lithography. 8vo. 14«. '• 

STONBY— The Theoiy of the Stresses on Girders and { 

Similar Structures, with Practical Observations on the Strength and * 

other Properties of Materials. By Bindox B. Stoney, LL.D., F.ItS., * 

M.I.C.E. With 5 Plates and 143 Illustrations in the Text. Royal ; 

8vo. 36j!. •" 

UNWIN— The Testing of Materials of Construction. Em- 

bracing the Desciiption of Testing Machinery and Apparatus Auxiliary 
to Mechanical Testing, and an Account of the most Important Re-  

searches on the Strength of Materials. By W. Cawthorne Unwin, '\ 

B.Sc, Mem. Inst, Civil Engineers. With 141 Wowlcut^ and 5 , 

folding-out Plates. 8vo. 21s. 
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WORKSHOP APPLIANCES, &c. 

JAY and KIDSON— Exercises for Technical Instruction in 
Wood-Workint;. Designed and Drawn by H. Jay, Technical Instructor, 
Nottingham School Board. Arranged by E. R. Kidson, F.G.S., 
Science Demonstrator, Nottingham School Board. 3 sets, price 1«. 
each in cloth case. Set I. Plates 1-32. Set II. Plates 33-64. Set III. 
I Plates 66-87. 

I NORTHCOTT— Lathes and Turning, Simple, Mechanical and 

\ Ornamental. 2^y W. H. Northcott. With 338 Illustrations. 

If 8vo. 18«. 

[: SHELLEY— "Workshop Appliances, including Descriptions of 

some of the Gauging and Measuring Instruments, Hand -cutting Tools, 
Lathes, Drilling, Planing and other Machine Tools used by Engineers. 
By C. P. B. Shelley, M.I.C.E. With 292 Woodcuts. Fcp. 8vo. 
4«. 6d 

UltfWIN— Exercises in Wood- Working for Handicraft Classes in 
Element&rv and Technical Schools. By William Cawthorne Unwin, 
F.R.S., M.I.C.E. 28 Plates. Fcp. folio. 4«. 6d in case. 



MINERALOGY, METALLURGY, &c. 

BAUERMAN— Works by Hilary Bauerman, F.G.S. 

Systematic Mineralogy. With 373 Woodcuts and Diagrams. 

Fcp. 8vo. 6«. 

Descriptive Mineralogy. With 236 Woodcuts and Diagrams. 



Fcp. 8vo. 6«. 

BLOXAM and HUNTINGTON— Metcds : their Properties and 
Treatment. By C. L. Bloxam and A. K. Huntington, Professors 
in King's College, London. With 130 Woodcuts. Fcp. 8vo. 5<. 

GORE— The Art of Electro-Metallurgy, including all known 
Processes of Electro-Deposition. By G. Gore, LL.D., F.R.S. With 
56 Woodcuts. Fcp. 8vo. 6«. 

LUPTON— Mining. An Elementary Treatise on the Getting of 
Minerals. By Arnold Lupton, M.I.C.E., F.G.S. , etc.. Mining 
Engineer, Professor of Coal Mining at the Victoria University, York- 
shire College, Jjeeds. With 696 Illiistrations. Crown 8vo. 9s. net. 

MITCHELL— A Manual of Practical Assaying. By John 
Mitchell, F.C.S. Revised, with the Recent Discoveries incorporated. 
By W. Crookes, F.R.S. With 201 Illustrations. 8vo. 31«. 6rf. 

RUTLBY— The Study of Rocks; an Elementary Text-Book of 
Petrology. By F. Rutley, F.G.S. With 6 Plates and 88 Woodcuts. 
Fcp. 8vo. 4«. 6d. 

VON GOTTA— Rocks Classified and Described : A Treatise 

on Lithology. By B£R^'HARD Von Cotta. With English, German, 
and French Svnonynis. Translated by Philip Henry La\^rbnce, 
F.G.S., F.R.G.S. Crown 8vo. 14«. 
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MACHINE DRAWING AND DESIGN. 

LOW AND BBVIS— A Manual of Machine Drawing and 
Design. By David Allan Low (Whitworth Scholar), M.I. Mech. E., 
Headmaatcr of the Technical School, People's Palace, London; and 
Alfred William Bbvis (Whitworth Scholar), M.I. Mech.E., Director 
of Manual Training to the Birmingham School Board. With over 
700 Illustrations. 8vo. 7«. Qd. 

LOW— Improved Drawing Scales. By David Allan Low (Whit- 
worth Scholar), Headmaster ot the Technical School, People's Palace, 
London. 4d. in case. 

LOW— An Introduction to Machine Drawing and Design. 
By David Allan Low, Headmaster of the Technical School, People's 
Palace, London. With 97 Illustrations and Diagrams. Crown 8vo. 
2«. 

UN'WIN— The Elements of Machine Design. By W. Caw- 
thorne Unwin, F.R.S., Professor of Engineering at the Central 
Institute of the City and Guilds of London Institute. Part I. General 
Principles, Fastenings and Transmissive Machinery. With 304 Dia- 
grams, &c. Crown 8vo. 6«. Part II. Chiefly on Engine Details. 
With 174 Woodcuts. Crown 8vo. 4«. 6d 



ASTRONOMY AND NAVIGATION. 

BALL— Works by Sir Robert S. Ball, LL.D., F.R.S. 

Elements of Astronomy. With 136 Figures and Diagrams, 



and 136 Woodcuts. Fcp. 8vo. 6«. 

A Class-Book of Astronomy. With 41 Diagrams. Fcp. 
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8vo. 1«. Qd. 

BCBDDICKBR— The Milky Way. From the North Pole to 10" of 
South Declination. Drawn at the Earl of Rosse's Observatory at Birr 
Castle. By Otto Bceddioker. With Descriptive Letterpress. 4 
Plates, size 18 in. by 23 in. in portfolio. 30s. 

BRINKLBY— Astronomy. By F. Brinkley, formerly Astronomer 

Royal for Ireland. Re-edited and Revised by J. W. Stubbs, D.D., '"i 
and F. Brdnnow, Ph.D. With 49 Diagrams. Crown 8vo. 6«. 

• 

OLERKB— The System of the Stars. By Agnes M. Clerkb, 
With 6 Plates and numerous Illustrations. 8vo. 21«. 

 

HBRSOHBL -Outlines of Astronomy. By Sir John F. W. ; 
Herschel, Bart., K.H., &c. With 9 Plates and numerous Diagrams. 
Crown 8vo. 12«. 

MARTIN— Navigation €tnd Nautical Astronomy. Compiled 
by Staff-Commander W. R. Martin, R.N. Royal 8vo. 18«. 

MERRIPIELD— A Treatise on Navigation for the use of Students. 

By John Merrifield, LL.D., F.R.A.S., F.M.S. Crown 8vo. 5s. ; 
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PROCTOR— Works by Richard A. Proctor. 



Old and New Astronomy. 12 Parts, ' Light Science for Leisure Hours : 



29. 6d. each. Supplementary Section, 
la. Complete in 1 vol. 4to. 365. 

Iflyths and Marvels of Astronomy. 

Crown 8vo. 5s. Silver Library 
Edition. Crown 8vo. 3s &d. 



The Moon : Her Motions, Aspect, 
Scenery, and Physical Condition. 
With many Plates and Charts, Wood 
Engraving, and 2 Lunar Photographs. 
Crown 8vo. 5s, 



The Universe of Stars : Researches 

into, and New Views respecting, the 
Constitution of the Heavens. With 
22 Charts (4 coloured) and 22 Dia- 
grams. 8vo. 10s. 6<f. 

Other Worlds than Ours: the 

Plurality of Worlds Studied under 
the Lignt of Recent Scientific Re- 
searches. With 14 Illustrations ; 
Map, Charts, &c. Crown 8vo. 55. 
Silver Library Edition. Crown 8vo. 
3s. M. 



Treatise on the Cycloid and all 

Forms of Cycloidal Curves, and on 
the Use of Cycloidal Curves in dealing 
with th« Motions of Planets, Comets, 
&c. With 161 Dir grams. Crown 
8vo. 10s. 6d. 



The Orbs Around Us : Essays on the 

Moon and' Planets, Meteors and 
Comets, the Sun and Coloured Pairs 
of Suns. Crown 8vo. 6s. 



Familiar Essays on Scientific Subjects, 
Natural Phenomena, &c. 3 vols. Cr. 
8VQ. 5s. each. 

Our Place among Infinites : Essays 

contrasting our Little Abode in Space 
and Time with the Infinites around 
us. Crow^n 8vo. 5s. 

The Expanse of Heaven: Essays on 

the Wonders of the Firmament. Cr. 
8vo. 5s. 

New Star Atlas for the Library, 

the School, and the Observatory, in 
Twelve Circular Maps (with 2 Index- 
Plates). With an Introduction on the 
Study of the Stars, lUusti-ated by 9 
Diagrams. Crown 8vo. 5s. 

Larger Star Atlas for Observers and 
Students. In Twelve Circular Maps, 
showing 6000 Stars, 1500 Double 
Stars, NebuljB, &c. With 2 Index- 
Plates. Folio, 15s. ; or the Twelve 
Maps only, 12s. 6d. 

The Stars in their Seasons : an Easy 

Guide to a Knowledge of the Star 
Groups. In 12 Large Maps. Im- 
perial 8vo. 5s. 

The Star Primer : showing the Starry 
Sky, Week by Week. In 24 Hourly 
Maps. Crown 4to. 2s. Qd, 

Lessons in Elementaiv Astro- 
nomy ; with Hints for Young Tele- 
scopists. With 47 Woodcuts. Fcp. 
8vo. Is. Qd, 



WEBB— Celestial Objects for Ck>mmon Telescopes. By the 
Rev. T. W. Webb, M.A., F.R.A.S. Fifth Edition, Revised and greatly 
Enlarged, by the Rev. T. E. Espin, M.A., F.R.A.S. 2 vols. Vol. I. 
now ready. With Portrait and a Reminiscence of the Author. 2 
Plates, and numerous Illustrations. Crown 8vo. 68, 
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MANUFACTURES, TECHNOLOGY, &c. 

ARNOLD— Steel MauuflEUSture. By J. 0. Arnold. [In preparation. 

MORRIS AND WILKINSON— Cotton Spinning. By John 
Morris and F. W. Wilkinson. [In preparation, 

SHARP—The Manufleusture of Bicycles and Tricyclea By i 
Archibald Sharp. [In preparation, J 

TAYLOR— Cotton Weaving .and Designing. By John J. 
Taylor, Lecturer on Cotton Weaving and Designing in the Preston, 
Ashton-under-Lyne, Chorley, and Todmorden Technical Schools, &c. 
With 373 Diagrams. Crown 8vo. 7«. 6rf. net. 

WATTS— An Introductory Manual for Sugar Growers. By 
FRANas Watts, F.C.S., F.I.C., Assoc. Mason Coll., Birmingham, 
and Government Chemist, Antigua, West Indies. With 20 Illustra- 
tions. Crown 8vo. 6s. 



PHYSIOGRAPHY AND GEOLOGY. 

BIRD— Works bv Charles Bird, B.A., F.Q.S., Headmaster of the 
Rochester Mathematical School. 

Elementary (Jeology. With Geological Map of the British 



Isles, and 247 iflustrations. Crown 8vo. 2«. 6d, 
— Advcmced Qeology. 



[In preparaiion. 

GREEN — Physical Geology for Students and General 
Readers. With Illustrations. By A. H. Green, M.A., F.Q.S., Pro- 
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